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Abstract

A new notion of (a,F')-contraction for multivalued mappings is introduced in this
dissertation. Some fixed point results are established in this setting on the platform
of metric spaces. These results are validated by providing suitable examples. An
application is also provided to enhance the usefulness of the result. Similarly cer-
tain fixed point results are proved by introducing (c«, F')-contractive single valued
mappings in the structure of uniform spaces. The structure of extended b-metric
spaces is used to prove some fixed point results by introducing («, F')-contractive
single valued mappings. This notion of («, F')-contractive single valued mapping is
further generalized in the structure of Sy-metric spaces to provide some fixed point
theorems. Certain suitable examples are given to validate these results. These re-
sults are generalizing many existing fixed point theorems and can be very helpful
in computing the solutions of various problems related to physics and engineering,

occurring in interdisciplinary research.
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Chapter 1

Introduction

Functional analysis is a branch of classical mathematical analysis started in later
part of 19th century and was ultimately accepted in the 1920’s and 1930’s. Func-
tional analysis is one of the most interesting branch of mathematics that plays an
essential role in many areas of applied sciences as well as in mathematics. This field
of mathematical analysis has flourished very rapidly in many branches of mathe-
matics. Functional analysis deals with functionals or functions of functions over
infinite dimensional spaces. The evolution process of functional analysis methods
were started almost a century ago.

The beautiful outcome of this development is appeared as fixed point theory. For
many decades fixed point theory is considered a very productive and progressive
outcome of nonlinear functional analysis. This theory is a striving and an emerg-
ing area for research and development and it is, in fact, a smart combination of
different disciplines of knowledge like Geometry, Topology and Analysis.

In various disciplines of mathematics and applied sciences, the issue of existence
of a solution in nonlinear problems has remained to be an important topic. Fixed
point theory assures the existence of a solution of nonlinear problems, by proving
the existence of fixed point. Some initial level work on fixed point theory was
initiated in 1866, by Poincare [1] and he may rightly be considered as a pioneer as
he gave his first fixed point theorem without its proof in 1883-1884. Brouwer [2]

was the first man who proved a fixed point theorem on unit sphere in 1912 and it

1
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is stated as one of the early approaches that was further explored by Kakutani [3].
It is worth to be mentioned here that the fixed point theory is used as a technique

of successive approximation which helps us in three ways:

1. to establish the fact of existence of solution for the nonlinear problems;
2. to establish the fact that nonlinear problems have a unique solution;

3. to establish an iterative scheme and conclude that the fixed point is exactly

the limit of the iterative sequence.

The appearance of the fixed point theory that started in the later part of the
nineteenth century, was used for successive approximations to search out the ex-
istence and detecting a unique solution of differential equations. This approach
and methodology is linked with the names of eminent mathematicians such as
Liouville, Lipschitz, Cauchy, Peano, Fredholm and particularly, Picard. Actually
the primary concepts related to the fixed point theoretic and systematic method-
ological approaches are clearly visible in the prominent works of Picard. However,
Banach [4], a prominent mathematician, did creditable work by placing the under-
lying concepts into an abstract structure. This work is more adjustable for broad
based utilization and better than the ones which are applicable only for elemen-
tary differential and integral equations. Fixed point theory has a long historical
background of wide range applications in many different disciplines of pure as well
as applied mathematics [5-34]. Although it is a well saturated field but a process
of research continuity is showing that it is still an active and open area.

The most vital and significant role of this theory is related to the existence of the
solution of different operator equations which have certain attributes, for instance
the solution of linear integral equations, such as, Fredholm integral equations and
Volterra integral equations that has the useful impact for the promotion and the
development of the modern and versatile ideas. The fixed point theory is also
applied in many areas like computer sciences, medical diagnosis, neural network,
artificial intelligence and in many other relevant fields as well. There are impor-

tant areas where the applications of fixed point theory are very effective such as
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in boundary values and eigenvalues problems. Fixed point theory is, in fact, a
classical approach in the finding of approximate solution and to verify the system
stability.

In such an abstract approach, in general, one usually begins its work with a set
of elements that are satisfying certain axioms. In this technique the nature of the
elements is generally kept unspecified and it can be done on and when required.
The theory then consists of logical consequences that conclude from the axioms,
which are once and for all derived as theorems. It implies that in this axiomatic
manner one frames a mathematical model whose theory is evolved in a theoretic
approach. Later on, these general theorems can widely be utilized in various par-
ticular sets that satisfy such axioms. For instance, in algebra this approach is used
in connection with fields, rings and groups.

The major development in fixed point theory is in two main directions. One di-
rection of generalizations of fixed point results is, in the context of distinct spaces,
for examples, metric spaces, Banach spaces, Hilbert spaces, topological spaces and
even by changing in the structures of spaces [11, 13-23] where as the second di-
rection is the conditions of contractions [24-37].

The idea of metric space was presented by Frechet [38] in 1906 who may rightly be
called the founder of metric space and he indeed presented this notion of metric
in an axiomatic manners as a generalized formulation of the Euclid distance. On
the other hand, the concept of Hausdorfl distance is due to Hausdorff [39]. It is
noticed that the notion of the metric is so vital as it plays a central role in the
fields of real analysis, complex analysis and functional analysis. Taking into ac-
count the central role of this notion in mathematics and fundamental sciences, it
is extended and generalized in many distinct directions.

In this chapter, only a short list is given for the interest of readers as it is not pos-
sible to discuss here all these notions which are available in the literature. After
this development, researchers have setup many new ways and means for general-
izing this space as several versions, adaptations, generalizations, and extensions of
metric in the forms of 2-metric, cone metric, D-metric, G-metric, modular met-

ric, quasi metric, multiplicative metric, ultra metric, b-metric, dislocated metric,
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symmetric metric, Hausdorff metric, S-metric, partial metric, setvalued metric,
fuzzy metric, and many more metrices or the metric spaces, for instance, see these
references [12, 31-34, 37, 40-73].

These generalizations are established by changing, modifying, adding and sub-
tracting properties and conditions of metric spaces. One of the emerging and
most interesting generalization of a notion of metric, namely b-metric. We can see
that in last few decades many new structures are designed by mathematicians, for
examples, b-metric spaces [12, 33, 34, 53, 54, 5661, 66, 74], rectangular metric
spaces [62, 63|, rectangular b-metric spaces [71] and extended b-metric spaces [64—
70].

In 1989, Bakhtin [53] has given a new concept of b-metric spaces after many
decades. It may rightly be called a first generalization of metric space. He achieved
this target by changing the triangular inequality of metric space. This notion of
b-metric space was further extended by Czerwik [33, 37] as a generalization of the
metric space by using the weaker triangular condition. Later on, Czerwik [31, 34]
used these concepts of b-metric spaces and presented some results related to fixed
points. Some preliminary work on this notion was initiated by Bourbaki [23] and
Bakhtin, which are based on Banach contraction. Some further work was also
extended in this regard by Dikranjan [11] and Heinonen [21]. In this setting some
new results are proved using complete b-metric space structure for single valued
mappings [12, 58, 59, 67—69] and later on, to more general mappings, for exam-
ples, multivalued mappings or set valued mappings [60, 61, 75]. The notion of
b-metric space was further generalized in 2000, by Branciari [76] which is named
as rectangular metric space.

In 2015, George et al. [71] introduced rectangular b-metric space and they proved
some fixed point results. Another important generalization of b-metric space
known as EbMS is given by Kamran et al. [70] in 2017. Authors proved some
fixed point results endowed with EbMS [64-70].

Weil, in 1937, presented the concept of uniform spaces in its explicit form for

the first time but before this some formal concepts related to uniform spaces were
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prevailing. Dikranjan [11] presented the concept of uniform space by defining en-
tourages in Topologie Generale and Tukey [77], in 1940, provided the concept of
uniform cover. Weil [78] also presented this notion as a family of pseudo-metrics.
An interesting concept of cone metric space was given by Huang et al. [72], in
2007. This is an appealing and wide-range expanding role of metric space in which
metric is repealed by a function with images are taken in the structure of an or-
dered Banach space. Huang et al. contributed in the idea of definition to prove
the properties of sequence in cone metric space. Later on, certain fixed point re-
sults for contractive single valued and multivalued mappings are obtained by using
this new approach. Ma et al. [74] introduced a noticeable generalization of cone
metric spaces known as C*-algebra valued metric spaces and provided generalized
Banach contraction theorems by using this approach. C*-algebra valued metric
spaces have become an exciting topics for researchers now a days (see [73], [79],
[30])-

In the second direction, the researchers adopted many other ways of generalizations
by changing the incredible Banach contraction into different structures. Several
attempts have been made in this direction and many interesting conditions on
the mapping are imposed to find the existence of fixed point. Banach [4] used
this contraction in an outstanding way to prove the existence of fixed point in his
eminent Banach contraction principle (BCP). This principle [4] states that every

self-mapping T on a complete metric space (M, d), satisfying:

d(Tmy, Tms) < Ad(mq,ms), ¥V my,ms € M and X € [0,1),

has a unique fixed point.

Banach contraction principle appeared for the first time as in its explicit form,
in the Banach’s PhD thesis work [4]. It is rightly stated that it was a milestone
towards the solution of nonlinear problems in different disciplines of science and
technology, as it provides a certain and a reliable process regarding the existence
of solution and a strong technique of convergence of different iterative schemes
in numerical methods. The fact of significance of Banach contraction principle,

in general, is lying in the reality that the under consideration space is complete
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in nature and it includes the error estimates. Edelstein [81] was the person who
introduced an important generalization of the Banach contraction condition by
taking constant A = 1 and using distinct points from the space M, in 1962. In
the same year Rakotch [82] introduced another contractive condition, replacing the
constant A by a monotonic decreasing function A : [0, c0) — [0, 1]. This contraction
is as follows:

d(Tmy, Tma) < At)d(my, ms),

for all my,my € M.
In 1968, Kannan [36] presented a contraction condition that does not imply the

continuity like Banach contraction. This contraction condition is:
d(Tml, ng) S /\{d(ml, Tml) + d(mg, ng)},

1
for all mi,my € M and 0 < \ < 7
In 1969, Kannan [30] proved another extension of Banach contraction principle.
Following the work of Kannan [30, 36], Chatterjea [29] introduced another type of

contraction for the existence of fixed point in 1972, which is as follows:
d(TTLl, T?’LQ) S )\{d(?’bl, TTLQ) + d<n27 Tnl)},

for all ny,ny € M and 0 < X\ < 1.

A massive research has been done in this direction by many authors, for examples,
Bianchini [32], Hardy [24], Reich [27, 35], Ciric [25] and Caristi [26] by using differ-
ent conditions on the mappings under consideration. A comprehensive comparison
of different contractions is presented by Rhoades [28], in 1977.

Nadler [83] is the founder of set valued contraction and he laid the foundation of
fixed point results in the setting of multivalued mappings. The occurrence of mul-
tivalued mappings can be observed in the first quarter of 20th century. Nadler [83]
introduced the multivalued contractive mappings. He proved two fixed point the-
orems for another notion of multivalued contractive mappings. The first theorem
is the generalization of Banach contraction principle in which it was proved that

a multivalued contraction mapping has a fixed point that is defined on complete
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metric space into a nonempty closed and bounded subset of metric space. The
second theorem is the generalization of Edelstein result for compact set-valued
local contractions.

A new concept related to cyclic contraction notion was presented by Kirk et al.
[84]. It is worth mentioning here that the cyclic contraction are not to continuous
and this fact was used as an advantage in proving many results [10, 75, 85-93].
Some other results are produced by taking the interesting new notions of («,)-
admissible mappings [10, 85, 89, 90, 93, 94] and this notion was introduced by
Samet et al. [90], in 2012.

In 2012, Wardowski [95] presented another well known contraction, F-contraction.
Sagroi et al. [5] proved fixed point results on F-contraction in 2013 with some ap-
plications on integral equations. A lot of work is presented in this direction, see
for examples, [8, 9, 12, 52, 96-99]. F-contraction was further generalized in many
ways.

An interesting generalization of F-contraction is («,F')-contractive mapping. («,F)-
contractive mapping was firstly introduced by Kamran et al. [12] in 2016 in the
structure of b-metric space on single valued mappings. In 2017, this contraction
was further extended to multivalued by Hussain et al. [100].

This dissertation includes the research work that is obtained by establishing (o, F')-
contractive mappings and opting the idea of Ali et al. [75] in which they proved
some results on nonself mapping in 2014, Kamran et al. [70] in which they pre-
sented their fixed point results by introducing a new space, named as, an extended
b-metric space in 2017 and Souayah et al. [101] in which they produced some new
interesting fixed point results on the new platform of Sp,-metric spaces in 2016.

Our work on (a,F)-contractive mapping is [7, 48, 102-104].

The organization of thesis is given below:

Chapter 2 is focused on some fundamental and basic concepts which are used in
subsequent chapters to present main contributions beautifully. The major aim of
this chapter is to focus on relevant literature and to review and refurnish these

concepts. Different types of mappings are elaborated with some examples. Some
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important generalizations of BCP are provided without including their proofs.

Proofs can be found in the given references.

This chapter also includes different types of contractions.

In the chapter 3, a contraction using the idea of F-function and a-mapping is
established. This is named as («,F')-contraction on multivalued mappings. Some
fixed point results are proved by using («,F')-contraction. Examples along with
an application are also provided.

This work is published as:

M. Anwar, D. Shehwar, R. Ali and N. Hussain, “Wardowski type («, F')-contractive
approach for nonself multivalued mappings,” University Politehnica of Bucharest

Scientific Bulletin, A Series: Applied Mathematics and Physics, vol. 82, issu.
1(2020), pp. 69-78, 2020.

Chapter 4 addresses a new Wardowski type contraction by combining a-mappings
and F-function, namely, (a,F)-contraction on self mapping in uniform spaces.
Certain fixed point and common fixed point theorems are established in this set-
ting. A few examples are also presented for the validation of these results.

This work is also published as:

M. U. Ali, T. Kamran, F. Din and M. Anwar, “Fixed and Common Fixed
Point Theorems for Wardowski Type Mappings in Uniform Spaces,” University
Politehnica of Bucharest Scientific Bulletin, A Series: Applied Mathematics and
Physics, vol. 80, Issu. 1(2018), pp. 3-12, 2018.

Chapter 5 contains some fixed point results proved by using the platform of ex-
tended b-metric spaces accompanied with («,F)-contraction.

This research appeared in literature as:

M. Anwar, D. Shehwar and R. Ali, “Fixed Point Theorems on («,F')-contractive
Mapping in Extended b-Metric Spaces,” Journal of Mathematical Analysis, vol.
11, Issu. 2(2020), pp. 43-51, 2020.
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In the chapter 6, certain significant results related to fixed point and common
fixed point are established in S,-metric spaces by using (o, F')-contraction.

This research work published in literature as:

M. Anwar, D. Shehwar, R. Ali and S. Batul, “Fixed Point Theorems of War-
dowski Type Mappings in S,-Metric Spaces,” Thai Journal of Mathematics, vol.
20, Issu. 2(2022), pp. 945-956, 2022.

In chapter 7, we have concluded our research study. We have discussed the targets

we achieved and planned for future.



Chapter 2

Preliminaries

This chapter is focused on some primary concepts which are necessary for the
purpose to lay down a strong base for this dissertation. These fundamental themes
are very vital for the better presentation and understanding of this research work.
The major aim of this chapter is to focus on relevant literature without including

the formal proofs of the theorems.

2.1 Some Tools from Analysis

In this section some basic and important tools are selected from real analysis. It
also includes some important types of mappings for the better understanding of

the subject.

Definition 2.1.1.

“Let M be a given nonempty set. The relation < is said to be a partial order
relation on the given set M if the following statements hold for each element
m,n,t € M:

1. m <m; (Reflexive)

2. m=<nandn <m<<m=mn; (Anti-symmetric)

10
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3. m=<nandn=<t=m=<t (Transitive)

The set M, whose elements satisfy above properties is called a partially order set.
That is, M is said to be partially ordered if each pair of elements of M is not
related by a certain order.

If all the elements of a set M are comparable under an order <, then the set M is

called a totally ordered set with respect to the order <” [105].

The following examples will elaborate the above idea transparently:

Example 2.1.1.

1. Consider the set of real numbers R. Set of reals is totally ordered set for the

usual ordering < of the real numbers.

2. Consider that P(M) is a power set of a given nonempty set M and a relation
=< is given by the inclusion relation.
We say C < D if C C D, where C, D € P(M). One can easily check that <
is a partial order and P(M) is partially ordered set.

3. Consider
M =R x R = {(mqy,my) : my, my € R}.

Define an order < on the set M in the following way:

(my,ma) = (n1,n2) < my < ny,me < ng.

Here < is the usual order on the elements of R. Then it can be seen easily

that < is a partial order on the given set M or M is a partially ordered set.

Definition 2.1.2. Let M be a nonempty subset of R and T': M — R be a real
valued function. Then the limit supremum of mapping 7" for € > 0, is defined in

the following way:

sup{T'(n) : |[m —n| < €}; if the supremum exists,
lim supT'(n) =
n—,m

oQ; otherwise,
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Let M be a nonempty subset of R and 7" : M — R be a real valued function.

Then the limit infimum of mapping 7" for € > 0, is defined in the following way:

inf{T'(n) : |m —n| < €}; if the infimum exists,
lim inf T'(n) =
o —00; otherwise.

The concept of infimum and supremum can be elaborated in simple words as
follows:

Consider a nonempty set of real numbers M which is bounded from below. A
number my € M is called the infimum of set M if my is a greatest lower bound of

M. Tt can be expressed as:

mo = inf M.

In similar way:

Consider a nonempty set of real numbers M which is bounded from above. A
number mgy € M is called the supremum of set M if my is a least upper bound of
M. It can be expressed as:

my = sup M.
Some useful observations about the supremum and infimum are given below:
1. If a subset M of real numbers R is bounded below then this subset has an
infimum.

2. If a subset M of real numbers R is bounded above then this subset has a

supremum.

Example 2.1.2.
1 11 1
Let m; be th T P T
et m; be the sequence {2, U }
Now we consider that the {a;} and {b;} are the sequences of the infimum and

supremum of the sub-sequences:

{at}:{ L } and {bt}:{%}, where, ¢ €N,

241
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The infimum of m; is the greatest lower bound of all the sub-sequences of {a;}
and the supremum of m; is the least upper bound of all the sub-sequences of {b;}
respectively. Therefore,

. ) 1 . . 1
B Y S

Thus, the limit of both the sequences i. e. {a;} and {b;} is 0 as ¢t — oo, which is

also the limit of sequence m; i. e. limm; = 0.
t—o00

Before introducing the formal concepts of left and right continuity, we recall the
concept of metric space.

The idea of using abstract space in a systematic manner is first given in 1906 by
Frechet [38] and it is justified by its usefulness in different fields of mathematics.
Metric space is a fundamental and basic concept in functional analysis and this
space behaves same as the line R in calculus. In fact metric space generalize the
idea of distance between points of R.

To achieve the certain goals of the research in this dissertation, the concept of

metric space is given below.

Definition 2.1.3.
“Let M be a nonempty set and d: M x M — [0,00) be a function which satisfies

the following properties for all mq,mo, m3 € M:

(M1) d is real-valued, finite and non-negative, (INon-negativeness)

(M2) d(my,ms) = 0 if and only if m; = ma, (Identification)
(M3) d(mi, m2) = d(maq, my), (Symmetry)
(M4) d(mq,me) < d(mq,m3) + d(mg, ms). (Triangle inequality)

Then d is called metric on M and the pair (M, d) is called a metric space” [18].

The property (M2) is so important as it provides a guarantee for the uniqueness of

limit of a sequence along with the property (M4). If condition (M4) is omitted then
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such space is called semi-metric space. In the semi-metric space limit of a sequence
is not unique and convergent sequence need not to be Cauchy. The property (M4)
is also known as sub-additive property and it is taken from elementary geometry
which states that in a triangle the sum of the any two lengths of a triangle is

always greater than the third side.

Example 2.1.3.
Consider a set M = C|a, b], the set of all bounded and continuous functions. Let

the metric d: M x M — [0, 00) is defined as given below:

d(m,n) = /ab

The first three properties are easy to prove. To prove the triangular inequality, we

m(t) — n(t)‘dt; ¥ m(t), n(t) € M.

proceed as follows:

d(m,n):/ab
<[

Hence d is metric on M as all the conditions of metric space are satisfied and the

m(t) — n(t)]dt = / m(t) — y(t) + y(t) — n(0)|dt

m(t) —y(t)]dH /ab

y(t) — n(t)‘dt =d(m,y) +d(y,n).

pair (M, d) is a metric space.

Example 2.1.4.
Consider that > be the set of all bounded real or complex sequences. Define a

metric function d: £ x (> — [0, 00) as given by:
d(m,n) = ?%X{]mt —nel}; VYV m,n el where; m={m:} and n = {n}.
€

The first three properties are easy to prove. To see the triangular inequality, we

proceed as follows:

d(m,n) = max{|m; — n¢|}
= max{|my — x; + x; — ny|}
< max{|m; — z¢|} + max{|z; — n¢|}

<d(m,z)+d(xz,n).
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Thus (¢*°,d) is a metric space.

Example 2.1.5.
Let M = {1,2,3}. Define d: M x M — [0,00) by:

d(m,n) = (m —n)* VYm,nec M.
This function is not a metric.
d(3,1) = (3—1)> =22 =4, but d(3,2)+d(2,1) = (3-2)*+(2-1)* =1?+1* = 2.

Since in this set the triangular inequality is not satisfied.

So, d is not a metric on M.

Completeness is another vital term which a metric space structure may or may
not have. This property has some consequences which make it more important
and prominent than the incomplete ones. This property does not follow from the

properties of metric space.

Definition 2.1.4.

“A sequence {m;} in a metric space M = (M,d) is said to converge or to be
convergent if there is a point m € M such that tllglo d(my, m) = 0, m is called the
limit of {m;} and we write tlg(r)lo my = m or, simply, we say that {m;} converges to

m or has the limit m. If {m;} is not convergent, it is said to be divergent” [18].

Let us recall from the fundamentals of real analysis that a sequence {m;} of real
numbers is convergent in the real line R as well as a sequence {m;} of complex
numbers is convergent in the complex plane C if and only if it satisfies the Cauchy
criterion for convergence, that is, for every number ¢ > 0, there is a number
N = N(e) such as |my —ms| < e; for; t,s > N. Here |m; — ms| is the distance
between two points m; and my in the real line R or in the complex plane C.

Generally, this is not true as there are Cauchy sequences which do not converge.
This discussion motivates to discuss the following concept regarding the complete-

ness that was presented firstly by Frechet [38], in 1906.
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Definition 2.1.5.
“A sequence {m;} in a metric space M = (M,d) is said to be a Cauchy if for
every € > 0 there exists a positive integer ¢y such that for all ¢,s > t;, we have

d(me,ms) < € or d(my,ms) — 0; as t,s — oc0” [18].

Definition 2.1.6.
“A metric space (M,d) is said to be complete if every Cauchy sequence in M

converges to a point in M” [18].

The most well known examples of complete metric spaces are the set of real num-
bers and the set of complex numbers. Criteria of completeness for M C R is:

1. M is complete < M is closed.

2. M is compact < M is closed and bounded.
A set with discrete metric is a trivial example of a complete metric space. Here
are some incomplete spaces.

1. R —{0}; set of all real numbers except zero.

2. Q; set of rational numbers.

3. (a,b); open intervals.

2.2 Some Important Mappings

Fixed point theorems are predominately concerned with obtaining conditions on
the structures and underlying spaces. It also deals with attributes of self mapping
T on M for the purpose to get the extensions of fixed point results. Certain useful

conditions on mappings are discussed in this section of the chapter.

(a) “Let (M,d) be a metric space. A mapping T: M — M is said to be

Lipschtizian if there is a constant k& > 0 such that for all m,n € M,
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d(Tm,Tn) < kd(m,n). The smallest number %k for which above inequal-
ity holds is called the Lipschtizian constant of 77 [16]. Lipschtizian is a

continuous mapping.

(b) “Let (M,d) be a metric space. A mapping T': M — M is said to be contrac-
tion mapping if for every m,n € M, d(Tm,Tn) < kd(m,n), with 0 < k < 1.

This mapping is also known as Banach contraction” [16].

(¢) “Let (M,d) be a metric space. A mapping T: M — M is said to be con-
tractive mapping if for every m,n € M, d(T'm,Tn) < d(m,n), with m #
n” [16].

(d) “Let (M,d) be a metric space. A mapping T: M — M is said to be non-

expansive mapping if for every m,n € M, d(Tm,Tn) < d(m,n)” [16].
One can easily conclude that:

1. Every contraction, contractive and non-expansive is a Lipschtizian mapping.
2. Every contraction and contractive is a non-expansive mapping.

3. Every contraction is a contractive mapping.

2.3 Hausdorftf Metric Space

The distance between two closed sets, now a days, is used as a fundamental tool
in mathematics, computer science and other interdisciplinary research. It was
introduced more than one hundred year ago, in 1905, by Pompeiu [106] (1873-
1954), and thereafter established in general setting of metric space and largely
disseminated by Hausdorff since 1914. Pompeiu actually needed this distance in
order to rigorously define the distance between two curves in the complex plane
and also to introduce, by means of this distance, the concept of limit of sequence
of sets.

Currently, in fixed point theory, this concept is adhered to see the existence of
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fixed point for multivalued mappings.

This section is dedicated to define Pompieu Hausdorff distance.

Definition 2.3.1.

“Let (M, d) be a metric space where M is a nonempty set. For any point m; € M
and B C M, the distance between m; and the subset B is defined as d(my, B) =
inf{d(my,mg) : my € B}. We denote the class of all nonempty subsets of M by
N (M), the class of all nonempty bounded closed subsets of M by CB(M) and H
is used as Hausdorff metric H : CB(M) x CB(M) — [0, 00) such that

H(A,B) = max{ sup 6(my, B), sup 5(m2,A)}

m1€A ngB

for all nonempty subsets A, B € CB(M). Then (CB(M), H) is called a Hausdorff

metric space and H is a Hausdorff metric” [96].

Definition 2.3.2.

“Let (M,d) be a complete metric space for a nonempty set M and a metric d.
Consider a self mapping 7" : M — M. For any point m; € M and a subset
B of M, the metric is defined as given d(my, B) = inf{d(mi,ms) : my € B}.
We denote the class of all nonempty subsets of M by N(M), the class of all
nonempty closed subsets of M by CL(M) and H is used as Hausdorff metric
space H : CL(M) x CL(M) — [0, 00) such that

max {supé(m, B), supd(n, A)} if the maximum exists;
) — meA neB

H(A,B

00 otherwise.

for all nonempty subsets A, B € CL(M).

Then (CL(M), H) is called a Generalized Hausdorff metric space” [96].

Example 2.3.1.

Consider the metric space (R,d), where d is the usual metric on R. Consider
A =[1,23] and B = [25,40] are the subsets of R. We find the Hausdorff distance
between the set A and the set B. Here the Hausdorff distance between the set A
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and the set B is defined by:

H(A, B) = max{supd(a, B),supd(A,b)}.

acA beB

Whereas the infimum distance for any point a € R and a subset B of R is given
by é(a, B) = inf{d(a,b) : b € B} and the supremum distance between two given
subsets A and B of M is given by D(A, B) = sup{d(a, B) : b € B}.

Let a € A and a = 13, so <

(13, B) = inf{d(13,25) : 25 € B} = d(13,25) = |13 — 25| = 12.

Now

D(A, B) = D([1,23],[25,40]) = sup{é(1, [25, 40]), §(23, [25, 40])}
= sup{d(1,25),d(23,25)} = |1 — 25| = 24.

Again

D(A, B) = D([1, 23], [25,40]) = sup{8([1,23], 25), ([1, 23], 40)}

= sup{d(23,25),d(23,40)} = |23 — 40| = 17.
Thus,

H(A, B) = max{supd(a, B),supd(A,b)} = max{24,17} = 24.
beB

a€A

Example 2.3.2.

Consider the metric space (R,d), where d is the usual metric on R. Consider
A = {7,19} and B = {23,68} are the subsets of R. We find the Hausdorff dis-
tance between the set A and the set B.

Here the Hausdorff distance between the set A and the set B is defined by:

H(A, B) = max{supd(a, B),supd(A,b)}.

acA beB
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Where as the infimum distance for any point @ € R and a subset B of R is given
by é(a, B) = inf{d(a,b) : b € B} and the supremum distance between two given
subsets A and B of M is given by D(A, B) = sup{d(a, B) : b € B}.

acA

Let a € A and a = 10, so
§(10, B) = inf{d(10,23) : 23 € B} = d(10,23) = |10 — 23| = 13.
Now

D(A, B) = D({7,19}, {23,68}) = sup{8(7, {23,68}), 5(19, {23,68})}
= sup{d(7,23),d(19,23)} = |7 — 23| = 16.

Again

D(A, B) = D({7,19}, {23, 68}) = sup{5({7,19},23),5({7, 19}, 68)}
= sup{d(19,23),d(19,68)} = |19 — 68| = 49.

Thus,

H(A, B) = max{supd(a, B),supd(A,b)} = max{16,49} = 49.
beB

a€A

Example 2.3.3.

Consider the metric space (R,d), where d is the usual metric on R. Consider
A =[3,13] and B = [15, 00) are the subsets of R. We find the Hausdorff distance
between the set A and the set B. Here the Hausdorff distance between the set A
and the set B is defined by:

H(A, B) = max{supd(a, B),supd(A,b)}.

a€A beB

Whereas the infimum distance for any point a € R and a subset B of R is given
by é(a, B) = inf{d(a,b) : b € B} and the supremum distance between two given
subsets A and B of M is given by D(A, B) = sup{d(a, B) : b € B}.

acA
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Let a € A and a = 12, so

§(12, B) = inf{d(12,15) : 15 € B} = d(12,15) = |12 — 15| = 3.

Now
D(A, B) = D([3,13],[15,00)) = sup{d([3, 13], 15), 0([3, 13],00) }
= d(13,00) = |13 — 00| = 0.
Once again
D(A, B) = D([3,13],[15,00)) = sup{d(3, [15,00)), (13, [15,00))}
=d(13,00) = |13 — 00| = .
Thus,

H(A, B) = max{supd(a, B),supd(A4,b)} = max{oo, 0} = 0.
acA beB

Example 2.3.4.
Consider two nonempty sets M; and M, of M = R? which are defined respectively
as follows:

M, ={(m,n)] m*+n*<1 A V m,né€ M}

and

My ={(m,n)] 0<m<3, 0<n<1 A V mmneM}

Figure 2.1 depicts the sets. Following from Definition 2.3.1, 6(a, M) = inf{d(a, ) :
b € My}, the set d(a, My) represents the all distances from every point of b € M,
to the nearest point a € M;, where as (m,n) € a,b. It can be observed that if
a € My N Ms, then it follows that §(a, My) = 0, where as if b € My \ M;, then
d(a, Ms) can be obtained by using the line from b to the origin which is shown
in the following Figure 2.2. Now we observe the point which produce the largest
distance. It is the vertex point which is upper right point i.e. (3, 1) of the rectan-
gle. Therefore, it follows that D(Mj, Ms) is equal to the distance from the point
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3 1
——, —— | which is on the circle and to the point (3,1) which is a vertex of
(\/ 10/ 10) P 3:1)

the rectangle.

W

FIGURE 2.1: Geometrical representation of sets M7 and Ms.

And the following graph is showing the infimum distance.

a a

 _EaE

FIGURE 2.2: Infimum distance and the distance between M; and M5 and also
the distance between My and M;.

In this Figure the dark shaded area is showing all these points which are repre-
senting the infimum distances §(a, My) = 0. Moreover, this Figure is showing that
D(M,, M;) = 1 and D(Ms, M;) = /10 — 1. Thus, now we have to actually find

the following distance between the points as given below:

D(My, M) =d <(\/i1_0 J%T)) (3, 1)> =10 -1,
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where D(My, My) = sup{d(a, Ms) : a € M;}, and

d(a,b) = \/(m1 —m2)2 + (n; — ne)2, where (m,n) € a,b and a = (my,ny), b=
(mg,n9) and also a € M; and b € M,. Now, we have to actually calculate
D(Mjy, M,). To calculate that we can take any of the points at the bottom lower
of left quadrant on circle with unit radius. Let us take the point (—1,0) and we
find D(Ms, M) = d((—1,0),(0,0)) = 1. Thus, we have the Hausdorff distance is
H(M,, My) = max{1,v/10 — 1} = v/10 — 1.

2.4 Continuous Mappings

The concept of continuity of an operator is frequently used in the theory of fixed

point. The following concepts are frequently used in the upcoming chapters:

Definition 2.4.1.

“Let M = (M,dy) and N = (N,dy) be metric spaces. A mapping T': M — N
is said to be continuous at a point mg € M if for every € > 0 there exists a 6 > 0
such that

dn(Tm,Tmgy) < e whenever dy(m,mg) <9
for all m. T' is said to be continuous if it is continuous at every point of M” [18].

Theorem 2.4.2.
“A mapping T': M — N of a metric space (M, dys) into a metric space (N, dy) is

continuous at a point mg € M if and only if m; — mg implies Tm; — T'my.

Proof.

Assume T to be continuous at the point mg. Then for a given € > 0; there is a
9 > 0 such that dy(m,mg) < 0 implies dy(Tm,Tmy) < €. Let my — mg and
then there is a to € N such that for all ¢ > ¢, we have dy;(my, mg) < J. Hence
for all ¢ > to, dy(T'my, Tmg) < €. By definition, this means that T'm; — T'my.
Conversely, we assume that m; — mgy  implies Tm; — T'mg, and prove that
then T is continuous at a point mg. Suppose this is false, then there is an € > 0

such that for every § > 0 there is a m # my satisfying dy(m,mg) < § but
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1
dn(Tm,Tmg) > €. In particular, for § = n there is a sequence m; satisfying:

1
dpr(me, mo) < n but dy(Tmy, Tmg) > e. Clearly my — mg but T'm; does not

converge to T'my. This contradicts T'm; — T'mg and proves the theorem” [18]. [

Definition 2.4.3.
“Let T': D — R and let my € D. We say that T is lower semi-continuous (L.S.C.)
at my if for every € > 0, there exists a 6 > 0 such that T'(mgy) — e < T'(m) for all,
m € B(mgp,0) N D.
Similarly, we say that T"is upper semi-continuous (U.S.C.) at my if for every € > 0,

there exists a 0 > 0 such that T'(m) < T'(mg) + € for all, m € B(myg,d) N D.

It is clear that T is continuous at my if and only if T" is lower semi-continuous and

upper semi-continuous at this point” [107].

It is interesting to mention here that a mapping may be lower or upper semi-
continuous whether it is left or right continuous or not continuous. For further

detail see [13-20, 107]. The following examples illustrate the above concepts:

Example 2.4.1.
Let T: Ml — M be a function, where M = R is defined in the way as given below:

1
—; if, m <0,
m
T(m)=14 0 if, m =0,
1
- if, m > 0.
m

Then this mapping is upper semi-continuous and if mo — 0 then 7'(mg) — —oo <
0=1T(0).

The right and left limit of the mapping is —oo which is different from the value of
the mapping that is 0.

Example 2.4.2.
Let T: Ml — M be a function, where M = R is defined in the way as given below:

m?; if, m # 0,

—1; if, m =20,
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-3

FiGURE 2.3: This graph depicts that m = 0 is a lower semi-continuous point.

The function is lower semi-continuous at the point m = 0.

Example 2.4.3.
Let T: Ml — M be a function, where M = R is defined in the way as given below:

—m?; if, m # 0,

1; if, m =0,

FIGURE 2.4: This graph depicts that m = 0 is an upper semi-continuous point.
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The function is upper semi-continuous at m = 0.

This concept can be further clarified with the help of following functions and their

graphs: Let T: R — R be a function defined in the following way:

m; if, m <1,

if, 1<m<2,

T(m) —m+43; if, 2<m <3,
1; if, m =3,
m — 3; if, 3<m
C D G
/o x:."», ¢

FiGURE 2.5: This graph depicts that m = 1 is a lower semi-continuous point.

The function is a lower semi-continuous at m = 1.

Now consider the following mapping:

Let T: R — R be a function defined in the following way:

m; if,

—2m?; if,

V—m?+4m—3; if

Y

0; if,

V—m2+4m —3; if,
\

—1<m <0,

0<m«<l1,
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FIGURE 2.6: This graph depicts that m = 1 is an upper semi-continuous point.

This function is an u. s. continuous at m = 1.

To define the concept of T-orbitally continuous maps, the following concept is

required:
Definition 2.4.4.
“Let T': M — M and for some mqg € M,

Or(mg) = {mo, Tmo, T?*mo, ...}

be the orbit of my” [70].

Example 2.4.4.
Consider a set M = [0, 2] with usual metric. Define T': M — M as:

m

; it mel0,1),
T(m) = 1—%—m 0. 1)
—y if me[l1,2).

1
Assuming mg = 1 € M then we have

OT(mQ) = {mo, Tmo, T2m0, }

_Jj1r1 1
“ 148167

1
_ +
—{Qt, t>2, teZ }
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3
Let mg = 5 € M then we have

OT(mo) == {mo, Tm[), T2TTL0, }

_ 359
1274’8
Example 2.4.5.

Consider a set M = [—2,2] x [—2, 2] and define a self mapping T: M — M on the
set M in the following way:

(@7@> ; if mqp,mae >0,
T(m) =T(m1,mz) = 272

(2,0); otherwise.

Obviously, the mapping T is not continuous at (0,0) € M.

Assuming m = (my,my) € M such that 0 < my,my < 1, so we have Op(m) =

{ =7 }
) 27 47

Definition 2.4.5.
“A function T from a nonempty set M into the set of real numbers i. e. T: M — R
is said to be T-orbitally lower semi continuous at v € M if for a sequence

my C Or(m) and m; — v, implies

T(v) < lim inf T'(my)” [70].

t—o00

Example 2.4.6.
Consider a set M = [—2,2] and a self map T: M — M defined as:

T(m):%

For my € (0,2), the orbit of my with respect to 7" is given by

Or(mg) = {mg, %, %, } )

Let {m:} be any sequence in Op(mg) which converges to zero. Now consider a

function S: M — R defined by S(m) = |m]|.
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One can easily check that tlim inf S(m;) =0 = S(0).
—00

Hence, S is T-orbitally lower semi-continuous at m = 0.

2.5 Fixed Point

Definition 2.5.1.
An element m € M of any nonempty set M, is said to be a fixed point for a self
mapping T : M — M if T'm = m. The set of all the fixed points is represented by
FixT, i e.

FizT ={m € M : Tm = m}.

The following graphs depict the concept of fixed points.

Example 2.5.1.

1. Let M = R. A self mapping T : M — M such that T'(m) = m3 has three
fixed points i.e;;m = —1,0, 1.

—&

FIGURE 2.7: The graph of the mapping defined by T'(m) = m? depicting that
the mapping having three fixed points.
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1
2. Let M =C {O, 5] . A self mapping T': M — M such that
T(m(t)) =t (m(t) +1)
has a unique fixed point m*(t) = —.

3. Let M = R2. A self mapping T': M — M such that

m m
T(ml,mg) = <—1 + b, -2 + b) s

a c

ab cb
a—1"¢c—

where (my, my) € M and a,c > 1. Then ( 1> is a fixed point for

the given self mapping 7.
4. A translation mapping has no fixed point.
5. T'(m) = 2™ and T'(m) = log, m has no fixed point.

6. Let M = R. A self mapping T : M — M such that T'(m) = m? +m + 1 has

no fixed point.

N W A OO0 N T

[ HEEPSy

f -9 -8 -7 -6 =5 -4 -3 -2 - [ amas Jmmay- mmat mess easy mess iesss mass s
1

FIGURE 2.8: The graph of the functions T'(m) = 2™ and T(m) = logsm
depicting that the functions having no fixed point.

It is worth to mention here that the fixed point of any real valued function y =

T'(m) is in fact the point of intersection of the function 7'(m) and line y = m.
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Definition 2.5.2.
“A mapping T': M — M is called a Picard operator if 7" has a unique fixed point

mo € M such that lirr(l)T”m = my for allm € M” [108].
n—

Example 2.5.2.
Let M = [0, 1]. Define a map T: M — M as follows:

m
Tm ="
m=gy

Y

then it is simple to show that the mapping 7" is a Picard operator and simply it

has a unique fixed point my = 0 which can be verified easily.

In a multivalued function every input is assigned to several values i. e. outputs
that is similar to a function which is also known as multi-function or set-valued
function or many-valued function. Moreover, it is a mapping from a set M to a
set IV that associates every m € M to more than one value n € N. To achieve the

goals of this research, the following definition is necessary.

Definition 2.5.3.

“A mapping 7' : M — P(M) is said to be a multivalued, if for each element
m € M, T'm is a nonempty subset of M. In other words, a multivalued map T
from a set M to P(M) is a nonempty subset of the product set of M x P(M).
That is, if Tm C P(M) is a nonempty set, then 7" is said to be a multivalued map
and the image of an element m € M under T is denoted by T'm and defined by:

Tm={ne P(M): (m,n) € Tm} C P(M),

where M and P(M) are nonempty sets.
Notice that integer power, hyperbolic, exponential and trigonometric functions

are all single valued but their inverses are the examples of multivalued mapping”

[109].

One can easily observe that these mappings are not functions being one-to-one or

one-to-many correspondence. A multivalued mapping or a set valued mapping is
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in fact a total relation; that means; every input maps on one or more outputs.
Where as, a function is “well-defined” that associates one, and only one, output
to any particular input. The most simple example of multivalued mapping is

T :1]0,00) — P(R) defined as below:

T(c) = {£Vc} = {Ve,—/c}, forall, ceR".

Example 2.5.3.
Consider M = [0,1] and N(M) = {A C M : A # 0}. Define amap T : M —
N(M) as

Tm = [0,m]

is a multivalued mapping. Its graph is as given under:

T(x)

0 0.2 0.4 0.6 0.8 1

iy

FIGURE 2.9: This graph is depicting multivalued mapping.

Example 2.5.4.
Consider M = [0,1] and CB(M) = {A Cc M : A # 0}. Now define T : M —
CB(M) as

Tm =

1] 1
Sl i om==
k|:,_, 1 m 2,
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is a multivalued mapping.

The graph of this mapping is shown in the following figure.

0 0.2 0.4 0.6 0.8 1

T

FIGURE 2.10: This graph is depicting multivalued mapping.

Definition 2.5.4.

“An element m € M for any nonempty set M, is said to be a fixed point for a
mapping 7' : M — P(M) if m € Tm” [109].

Here T'm is nonempty subset of M.

Example 2.5.5.

Let M = [0, 1]. Define a mapping T': M — P(M) by

Tm = [0,m?],

then 1 and 0 are fixed points of the mapping 7.

Definition 2.5.5.
“Let T1,T5 : M — P(M) be two multivalued mappings. Then a point mg € M is

said to be a common fixed point for the mappings 7} and 75 if

mg € T1m0 N Tgm()” [109]
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Example 2.5.6.
Consider M = [0, 1] and let m € M. Now define 171,75 : M — P(M) as

Tlm:[O,%}; V meM
and
TQm:[O,%}; v me M

then it is simple to find that 0 is a common fixed point for mappings 7} and T5.

Example 2.5.7.
Consider M = [0,2] and assume that m,n € M such that n > m. Now define
T, Ty : [m,n| — P([m,n]) as

{m}; if ae€{m,n};

Tla =

k[a,n]; if m<a<n,

and

Toa = [m,al; V; a € [m,n]

then for each point a € [m,n] is a common fixed point for mappings T} and Ts.

2.6 Some Abstract Spaces

In this section the concepts of b-metric space, S-metric space, S,-metric space and

uniform space are explicated.

2.6.1 bD-Metric Space

Bakhtin [53] and Czerwick [33, 34, 37] developed the idea of b-metric space. In
literature a lot of consequences of this study can be found. See for examples

[64-67, 69, 70].
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Definition 2.6.1.

“Let M be a nonempty set and b > 1 be a given real number. A function d :
M x M — [0,00) is called b-metric if it satisfies the following properties for each
my, ma, m3 € M:

(Bl) d(ml,mg) =0 m = ma,

(B2) d(mz,m1) = d(m1,ms)

(B3) d(m:),, ml) < b[d(mg, TTLQ) + d(mg, ml)]
The pair (M, d) is called a b-metric space” [70].

It is noticed that the b-metric class is bigger than the class of metric space. More-
over, it is simple to observe that every b-metric space is a metric space when b = 1,

but we can find examples of such b-metrics which are not metrics.

Example 2.6.1.

Consider a nonempty set as defined below:
M =1,(R) = {{mt}CR:Z|mt]p<oo}; for 0<p<1.
t=1

Let us define a mapping d : M x M — R* as follows:

d(m,n) = (Z |y — n#’) ’ for m={m}, n={m}.
t=1

It is simpe to verify that (M, d) is a b-metric space by proving all the properties
with coefficient b = 27 [70].

Example 2.6.2.
Let M ={0,1,2}. A mapping dp: M x M — [0,400) is defined as:

dy(0,0) = dy(1,1) = dy(2,2) = 0,
dy(0,1) = dy(1,0) = 1

dp(1,2) = dp(2,1) = 1,

dp(0,2) = dp(2,0) =m > 2,
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then it can be easily verified that dj is a b-metric for b = > 1, but it is not a

m
2
metric for m > 2.
Example 2.6.3.
Let (M, d) be a metric space. Define a function

dy(a,b) = [d(a,b)]™,

for a real number m > 1, then d; is a b-metric with b = 2™~

The following example depicts that every b-metric space need not be continuous.

Example 2.6.4.
Let M =NU{0} and let dp: M x M — [0, +00) is defined by

0 if m =n,

|L — X if one of m,n is even and the other is even or co.
dy(m,n) =

5, if one of m,n is odd and the other is odd or oo,

2, otherwise.

It can be checked that for all m,n,p € M, we have
5
db<m7p) < 5 [db(man> + db(”aP)] :
. : . 5
Thus (M, dy) is a b-metric space with b = 7

Choose a sequence m; = 2t for each t € N, with tlim my = 00,
—00

but
tlim dy(me, 1) =2 -+ 5 =dp(c0,1) as t — oo.
—00

Definition 2.6.2.

“Let (M, d,) be a b-metric space and {m;} be a sequence in M then:
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e {m,} is convergent if and only if there exists m € M such that d(m;, m) — 0

as t — oo and we write lim m; = m.
t—o0

e {m;} is Cauchy if and only if d(m;, ms) — 0; as t,s — 0.

e The b-metric space (M,dy) is called complete if every Cauchy sequence is

convergent in it” [70].

2.6.2 S-Metric Space

This section is devoted to S-metric space and related concepts. The notion of

S-metric space was given by Sedghi [110] which is further utilized by Prudhvi and

Mlaiki [111, 112].

Definition 2.6.3.

“Let M be a nonempty set. An S-metric on M is a function S : M3 — [0, 00)

that satisfies the following conditions, for all m,n,c,t € M:

(S1.) S(m,n,c) =0 m=n=c,
(52.) S(m,m,n) = S(n,n,m),

(53.) S(m,n,c) < S(m,m,t)+ S(n,n,t)+ S(c,c,t),

then the pair (M, S) is called an S-metric space” [110].

Example 2.6.5.

Let M =R be a set of reals and S : M3 — [0, 00) be a function defined as:

S(m,n,c) =|m—c|+|n—¢,

then it is very simple to verify that (A, .S) is an S-metric space [110].

Example 2.6.6.
Let M =R? and S : M?® — [0,00) be a function defined as:

S(m,n,c) =d(m,n) +d(n,c) +d(c,m), forall m,n,ccR?
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where d is euclidean metric on R?, then it is easy to verify that (M,S) is an

S-metric space.

To prove the fixed point results on S-metric spaces Sedghi [110] used the following

concepts:

Definition 2.6.4.
“Let (M, S) be an S-metric space.

e A sequence {m;} in M converges to m if and only if S(m;, m;,m) — 0 as ¢t —
oo. That is for each ¢ > 0, there exists t; € N such that for all ¢ > tg,

S(my, my, m) < € and we denote this by tlim my = m.
— 00

e A sequence {m;} in M is called a Cauchy sequence if for each € > 0, there

exists to € N such that S(my, m;, ms) < e for each t, s> .

e The S-metric space (M, S) is said to be complete if every Cauchy sequence

is convergent” [110].

2.6.3 S,-Metric Space

Sedghi [110] introduced the idea of an S-metric space and produced some fixed

point results in this settings.

Definition 2.6.5.
“Let M be a nonempty set and let b > 1 be a given real number. A function
Sy 1 M3 — [0,00) is said to be Sy-metric if and only if for all my, my, ms,t € M:
the following conditions hold:

(Sbl) Sb<m1, ma, m3) =0« mp = mg = Mg,

(Sp2.) Sp(ma, my, ma) = Sp(ma, ma, my),

(Sb?)) Sb<m1, mo, m3> S b[Sb(ml, mq, t) + Sb(mZ, ma, t) + Sb(mg, ms, t)]

then the pair (M, S,) is called a S,-metric space” [101].
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Example 2.6.7.

Consider a nonempty set M with card(M) > 5 also assume that M = M; U M,
is partition of M with card(M;) > 4. Let b > 1 and for all my,my, mg € M, we
define

(

0 for mq; =myo=mz = 0;

Sp(mi, ma, mg) = 3b  for (my,maq,m3) € M},

1 for  (my, ma, ms) & M7,

then it can be easily verified that the pair (M, S,) is an S,-metric space with
coefficient b > 1 [101].

Example 2.6.8.

Let M = R be a set of real numbers and Sy, : M3 — [0,00) be a function with the
metric defined as:

Sp(m,n,c)=|m—c|+|n—c,

then it is easy to verify that (M, Sp) is an S,-metric space with b > 1 [110].

The following are some important definitions related to the concepts of S,-metric

space:

Definition 2.6.6.

“Let(M, Sy) be an S,-metric space and m; be a sequence in M, then

e a sequence {m;} is called convergent if and only if there exists m € M such

that Sy,(my, my, m) — 0,as ¢t — oo. In this case we write ltlim my = m.
— 00

e asequence {m,;} is called a Cauchy sequence if and only if Sy(m;, m;, mg) —

0, ast,s — o0.

e (M,Sy) is said to be complete if every Cauchy sequence {m;} converges
to a point m € M such that tlim Sp(me, my, ms) = lim Sp(mg, mg,m) =
,8—00 $—00

m” [101].
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2.6.4 Uniform Space

This section adresses the concept of uniform space and its related ideas. A uniform
space is a structure on a nonempty set M that was presented by Weil (1937) in
terms of subset of M x M. Later on, Tukey (1940) provided an alternate description
by using covers of M. Some results in this setting are provided in [12, 48, 93, 113].
For the better and detail understanding of uniform spaces consider the Kelley’s
book [114] and see (e.g. [6, 11]). Here Weil’s approach of uniform space structure
is taken into consideration.

Now, we recollect certain fundamental concepts and basic definitions which are

required subsequently.

Definition 2.6.7.

“A subset U of subsets of M x M is called a uniformity (or a uniform structure)
on M if:

(i) A=AM)={(m,m):me M} CG for all G € U,

(i) fGeld and HC M x M with G C H, then H € U,

(iii) If G € U, there exists some H € U such that, H> C G

(iv) If G, H € U, there exists some C' € U such that, C C GN H;

(v) G € U, implies that G~ = {(n,m) : (m,n) € G} € U, i. e. each G € H is

symmetric.

In this case, the pair (M,U) is called a uniform space. The members of U are called
vicinities of U. The pair (M,U) without the property (v) is called a quasi-uniform
space” [114].

Definition 2.6.8.
“For a subset V' € U a pair of points m and n are said to be V-close, if (m,n) € V

and (n,m) € V.

Moreover, a sequence {m;} in M is called a Cauchy sequence for U, if for any
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V € U, there exists a ty > 1 such that m, and m; are V-close for ¢, s > .

For (M,U), there is a unique topology 7(U) on M generated by
V(m) ={n € M|(m,n) € V}, where Ve U” [48].

The followings are very important definitions related to the notion of uniform

space:

Definition 2.6.9.

“A sequence {m;} in M is convergent to m for U, that is tliglo m; = m, if for any
V € U, there exists ty € N such that m, € V(m) for every t > t,.

Let A(M) = {(m, m) : m € M} be the diagonal of M. For V' C M x M, we define
V=t ={(m,n)|(n,m) € V}" [48].

Definition 2.6.10.
“A uniform space (M,U) is called Hausdorff if the intersection of all the V' € U is
equal to A of M, that is, if (m,n) € V for all V' € U implies m =n” [48].

Definition 2.6.11.
“If V.= V! then we say that a subset V' € U is symmetrical” [48].

To see the further detail it is reffered to see [6, 11, 23, 48, 93, 113, 115-118|.
For further learning, now we intend to revisit the concepts of A-distance and

F-distance.

Definition 2.6.12.

“Let (M,U) be a uniform space. A function p : M x M — [0,00) is said to be
an A-distance if for any V' € U, there exists § > 0 such that if p(z,m) < § and
p(z,n) <6 for some z € M, then (m,n) € U7 [48].

Definition 2.6.13.
“Let (M,U) be a uniform space. A function p : M x M — [0, 00) is said to be
an F-distance if

(i) pis an A-distance,

(i) p(m,n) <p(m,z)+p(z,n), Vm,n,z € M” [48].
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Example 2.6.9.

Consider a uniform space (M,U) and with a metric d on M. It is easy to see that
(M,Uy) is a uniform space. Now consider a set having all subsets of M x M with
a “band” U, = {(m,n) € M?: d(m,n) < €} for some € > 0 is represented by Uy.
Further, for U C Uy, the d is an E-distance on (M,U) [48].

Lemma 2.6.14.
“Let (M,U) be a Hausdorff uniform space and p be an A-distance on M. Let {m;}
and {n;} be sequences in M and {a,}, {5,} be sequences in [0, c0) converging to

0. Then, for m,n, z € M, the following results hold:
(a) If p(my,n) < oy, and p(my, z) < B, for all t € N, then n = 2.
In particular, if p(m,n) = 0 and p(m, z) = 0, then n = z.
(b) If p(my,ny) < v, and p(my, z) < 5, for all t € N, then {n,} converges to z.

(c) If p(my,ms) < o, for all t,s € N with s > ¢, then {m;} is a Cauchy sequence
in (M,U)” [48].

Definition 2.6.15.

“Let p be an A-distance. A sequence in a uniform space (M,U) with an A-
distance is said to be a p-Cauchy if for every e > 0, there exists ty € N such that
p(my, mg) < e for all t,s > t,” [48].

Definition 2.6.16.

“Let (M,U) be a uniform space and p be an A-distance on M. Then:

(i) M is S-complete for if each p-Cauchy sequence {m,}, there exists m € M,
tliglop(mt,m) = 0.

(ii) M is p-Cauchy complete if for each p-Cauchy sequence {m;}, there is m in

M with tlim my = m with respect to 7(U).
—00

(iii) T': M — M is p-continuous if tlimp(mt, m) = 0 then we have
—00

tliglop(Tmt, Tm)=0" [48].
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Remark 2.6.17.
“Let (M,U) be a Hausdorff uniform space which is S-complete, then it is also
p-Cauchy complete” [48].

2.7 Banach Contraction Principle (BCP) and its

Extensions

This section provides the most fascinating result of fixed point theory given by Ba-
nach in 1922 and it also contains some generalizations of BCP. It is quite impossible
to observe all extensions of BCP since there is enormous literature about it, how-
ever an attempt is made to provide some generalizations which are obtained under

mild modified conditions. See for examples [1, 23, 57-59, 62, 63, 72, 116, 119-131].

Theorem 2.7.1.
“Let (M,d) be a complete metric space and let T: M — M be a contraction
mapping. Then T has unique fixed point mg, and for each m € M,

nh_}n(glo{T m} = my.

Moreover,
kn

d(T" <
(T"m,mo) < 77

d(m,Tm)” [17].

The validity and reliability of this contraction principle is lying in the fact that
it provides a contraction algorithm to converge at a fixed point along with error

estimates.

Many authors have extended Banach contraction principle by using different con-
tractive conditions. Some of the such results are stated below:
The very first generalization of BCP is given by Edelstein in which he consider

compact space instead of complete space.

Theorem 2.7.2.

“Let M be a metric space and A be a contractive mapping of M into itself such
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that there exists a point m € M whose sequence of iterates {A'm} contains a

convergent sub sequence {A”m}; then

¢ = lim Al'm e M

i—00

is a unique fixed point” [132].

The next theorem is given by Rakotch in which he used a monotonic decreasing

function in the place of a constant.

Theorem 2.7.3.
“If A is a contractive mapping of a metric space M into itself, and there exists a

subset N C M and a point my € N such that
p(m7 mO) - p(Am7 Am(]) Z 2p(m07 Am0)7

for every m € M — N and A maps N into a compact subset of M, then there

exists a unique fixed point” [82].

The result given below is provided by Chatterjea in which a new type of contraction

is applied for giving a new result.

Theorem 2.7.4.
“Let (M,d) be a complete metric space. A self mapping 7' : M — M is a

1
contractive mapping if there exists k € [0, 5) such that
d(Tn,Tm) < k(d(m,Tn) 4+ d(n,Tm)), ¥V m,n € M.
Then T has a unique fixed point” [29].

The following extension is based on a new contractive condition in proving fixed

point that is used by Bianchini.
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Theorem 2.7.5.
“Let (M, d) be a complete metric space. A self-mapping 7' : M — M is a contrac-
tive mapping if there exists k € [0, 1) such that

d(Tn,Tm) < kmax{d(n,Tn),d(m,Tm)}, ¥V m,n € M.
Then T has a unique fixed point” [32].

The next provided theorem is given by Kannan in which a new contractive

condition is used for establishing a certain generalized result.

Theorem 2.7.6.

“Let (M, d) be a complete metric space. A self-mapping T': M — M is a contrac-
1

tive mapping if there exists k € |0, 5) such that

d(Tn,Tm) < k(d(n,Tn) + d(m,Tm)), ¥V m,n € M.
Then T has a unique fixed point” [30].

The next extension is based on a new defined contractive condition in detecting

fixed point that is used by Reich.

Theorem 2.7.7.
“Let (M,d) be a complete metric space. A self-mapping 7" : M — M is a
contractive mapping if there exist non-negative real numbers ky, ko, k3, satisfying

ki + ko + k3 < 1 such that
d(Tm,Tn) < kyd(m,Tm) + keod(n,Tn) + ksd(m,n), ¥ m,n € M.
Then T has a unique fixed point” [27].

The theorem given below is provided by Hardy in which a new type of contractive

mapping is defined for proving a new result.
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Theorem 2.7.8.
“Let (M,d) be a complete metric space. A self-mapping 7" : M — M is a
contractive mapping if there exist non-negative real numbers ag, by, cg, satisfying

ap + 2bg + 2¢y € [0, 1) such that

d(Tm,Tn) < apd(m,n) + by(d(m,Tm) + d(n,Tn))+co(d(n, Tm) + d(m, Tn)),

Vm,ne M.

Then T has a unique fixed point” [24].

The under discussed examples depict that the above results generalize BCP.

Example 2.7.1.
Let M = [0,2] is a nonempty set. It is a metric space with a usual metric.

Consider a map T : M — M which is defined as follows:

1—3m; if m is irrational € [0, 2[;

1
%; if m is rational € [0, 2].

T(m) =

It is a Kannan mapping and its fixed point is my =

B |

Furthermore, this mapping 7T is continuous at fixed point.

Example 2.7.2.
Let M = [0, 2] be a subset of R accompanied with usual metric. DefineT': M — M

as follows:

4
T(m) = g V. me|0,2].

Now take m; = 0, my = 2 and we have
8
d(Tml,ng) = g

and

2 2
d(my, Tmy) + d(mg, Tmg) =0+ it
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So, we have
d(T'my, Tms) > d(my, Tms) + d(ma, Tmy); ¥ my, mg € M.

So, it follows that 7" map is not a Kannan contraction although it is a Banach
contraction and its fixed point is my = 0.

Furthermore, this mapping 7T is continuous at fixed point.

Example 2.7.3.
Let M = [0,2] be a subset of R with usual metric. Define T': M — M as follows:

So, we have
d(Tml,ng) < d(ml, ng) -+ d(mg,Tml); i mi, Mo € M.

It can be seen that it satisfies Chatterjea contraction but not the Banach contrac-

tion.

Example 2.7.4.
Let M = [—1,2] is a nonempty subset of R along with d as usual metric.

Now define T': M — M as follows:

T(m)=—m;

5

for all m € [—1,2].

Now take m; = —1,my = 2 and we have

12
d(Tml, ng) = g,

and
d(my, Tms) + d(mg, Tmy) =

+ = -3 le,mQEM.

ol w

ol &
o] ©
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So, we have

d(T'my, Tms) > d(my, Tms) + d(ma, Tmy); ¥ my, mg € M.

So, it follows that 7" map is not a Chatterjea contraction although it is a Banach
contraction and its fixed point is my = 0.

Furthermore, this mapping 7T is continuous at fixed point.

The next presented result is given by Prudhvi [111] on S-metric space in 2015.

Theorem 2.7.9.

“Let T be a self map on a complete S-metrics space (M, S) and

S(Tml, Tml, ng) S OéS(TTLl, mq, mg) + ﬁ[S(Tml, Tml, ml) + S(ng, ng, mg)}

for some «, 8 > 0 such that a + 28 < 1 for all my,my € M. Then T has a unique

fixed point in M. Moreover, if 25 < 1, then T is continuous at fixed point” [111].

The following prominent result is proved by Kir et al. [133] on b-metric space in

2013.

Theorem 2.7.10.
“Let (M, d) be a complete b-metric space with constant b > 1, such that b-metric
is a continuous functional. Let T": M — M be a contraction having contraction

constant £ € [0,1) such that b{ < 1. Then 7" has a unique fixed point” [133].

After the introduction of EbMS by Kamran et al. [70] in 2017, numerous extensions
of fixed point results are done on such metric spaces. For the results proved by
Anwar et al. [7, 102, 103] in 2020, it is important to include here the following

result.

Theorem 2.7.11.
“Let (M, d,) be a complete extended b-metrics space such that dy is a continuous

functional. Let T': M — M satisfy:

do(Tmq, Tms) < kdg(mq, ms)
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for all my, mg € M, where k € [0,1) be such that for each my € M,

lim 6(m,,, m) <

n,t—0 ’

| =

here m,, = T"my,n=10,1,2,....
Then T has precisely one fixed point &.
Moreover for each y € M, T"y — & [70].

Theorem 2.7.12.
“Let (M, S,) be a complete S,-metrics space and T' be a continuous self mapping

on M which satisfies

Sp(Tmy, Tmay, Tms) < (Sp(my, ma, m3)), for all, my,mg,ms € M,

where ¢ : [0,00) — [0,00) be an increasing function such that tlim Yt (n) = 0 for
—00

each fixed n > 0. Then 7" has a unique fixed point mg in M” [101].

The following proved theorems in uniform spaces are stated as follow:

Theorem 2.7.13.
“Let (M,U) be a S-complete Hausdorff uniform space such that p be an E-distance
on M. Let T: M — M be an («a,))-contractive mapping and satisfying the

following conditions:

1. T is a-admissible.

2. There exists my € M such that a(mg, Tmg) > 1 and a(T'mg,my) > 1

3. T is p-continuous.

Then T has a fixed point mg € M” [48].

Theorem 2.7.14.
“Let (M,U) be a S-complete Hausdorff uniform space such that p be an E-distance
on M. Suppose that the pair of two T,S: M — M is an (a,)-contractive pair

satisfying the following conditions:



Primary Ideas 50

1. (T,S) is a-admissible.

2. There exists mg € M such that a(mg, Tmy) > 1 and a(T'mg,my) > 1

3. For any sequence {m;} in M with m; — 0 as limit t — oo and a(m, mey1) >

1 for each t € N U {0}, then a(my, m) > 1 for each t € N U {0}.
Then T and S have a common fixed point” [48].

Nadler [83] extended Banach contraction principle for contraction from complete
metric space M into the space of all nonempty closed and bounded subsets of M.
Suzuki [52] proved that Mizoguchi-Takahashi’s fixed point theorem is indeed a real
generalization of Nadler’s fixed point Theorem [83].

To describe Nadler’s fixed point theorem following lemmas are necessary.

Lemma 2.7.15.

“Let A, B are sets in CB(M) and for any € > 0 with H(A, B) < ¢, then for every
a € A, there exists an element b € B, such that the following inequality holds:
d(a,b) < €’ [109].

Lemma 2.7.16.
“Let A, B are sets in CB(M) and for every a € A, the following inequality holds:
d(a,B) < H(A,B)” [109].

Theorem 2.7.17.

“Let (M, d) be complete metric space and T is a mapping from M into CB(M)
such that, H(Tm,Tn) < kd(m,n) for all m,n € M; where 0 < k < 1. Then T
has a fixed point” [83].

2.8 [-Mappings and F-Contractions

The idea of the F-mappings and F-contractions was presented by Wardowski [95]
in the year 2012. He proved some extensions of Banach’s result in the setting of

F-contractions.
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To reach the goals of the dissertation, the concept of F-contractions and fixed

point results developed on such mappings are given in this section.

Definition 2.8.1.
“An F-mapping is a strictly increasing function F': RT — R satisfying the follow-

ing conditions:

1. For all my, my € RT, such that m; < mq, F(my) < F(ms),

2. For each sequence {m;} of positive numbers,
limm; =0 if and only if lim F'(m;) = —oo,
t—00 t—o0

3. There is a real number ¢ € (0,1) such as
li °F =07 |95].
lim m®F(m) [95]

Example 2.8.1.

The following are some examples of F-mapping with ¢ € (0,1) and m € R*:

1
1. F(m)=-—— and m>0.

Jm

2. F(m)=Inm+m and m>0.

3. F(m)=Ilnm and m > 0.

4. F(m)=In(m?*+m) and m > 0.
The family of F-functions is denoted by F.

In above examples, one can easily verify that these are examples of F-mapping as

all the conditions of F-mapping for any constant ¢ € (0,1) are hold.

Definition 2.8.2.
“A mapping T': M — M is said to be an F-contraction if there exists 7 > 0 such

that for all my, ms € M,

d(Tmy, Tmg) > 0= 7+ F(d(Tmyi,Tms)) < F(d(my,ms))” [95]. (2.1)
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It is an important to mention here that F-contractions are continuous which is
evident from the second property of F-mapping.
The famous Wardowski [95] result proved on F-mapping by using F-contraction

is presented below:

Theorem 2.8.3.
“Let (M, d) be a complete metric space and let T': M — M be an F-contraction.
Then T has a unique fixed point m* € M and for every my € M a sequence

{T™mg}nen is convergent to m*” [95].

Some examples of F-contractions are presented below:

Example 2.8.2.
A mapping F': Rt — R is an F-mapping, such that:

1
1. F(m)=—-—= and m > 0 satisfies all the conditions of F-mapping for
m

1
any constant ¢ € <§, 1) and the condition (2.1) is of the form:

d(ml, m2>

(14 7v/d(mq, mg))2

d(Tml, Tmz) S

for all my,my € M, T'my # Tms.
2. F(m)=Ilnm+m and m > 0 satisfies all the conditions of F-mapping

1
for any constant ¢ € (57 1) and the contraction condition takes the form:

d(Tml, ng) ed(

Tmy,Tma)—d(mi,me) ~ ,—T
d(mlamQ)

e

for all my,my € M, Tmy # Tms

3. F(m)=Inm and m > 0 satisfies all the conditions of F-mapping for

1
any constant ¢ € <§, 1) and the contraction condition takes the form:
d(Tmy, Tms) < e "d(my, ms)

for all my,mg € M, T'my # Tms.
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4. F(m)=In(m*+m) and m > 0 satisfies all the conditions of F-mapping

1
for any constant ¢ € (5, 1) and the contraction condition takes the form:

d(Tmy, Tms)(d(Tmy, Tms) + 1)
d(ml, m2)<d(m1, mg) + 1)

-7

s €

for all my,mg € M, T'my # Tms.

The following defined mapping;:

is an F-mapping and F-contraction that can be easily proved.

Definition 2.8.4.
“Consider the mappings T: M — M and a: M xM — [0, 00). T is an a-admissible
if for all my, me € M, we have a(my,mg) > 1

= a(Tmy, Tms) > 17 [93].

Example 2.8.3.
Consider M = [0,00). Now define T': M — C'L(M) as

[O,T]; if 0<m <6,

6
T'm =< {1}; it m =6,
[m,m?]; if m > 6,
and o : M x M — [0,00) as
1; if m,n €]0,6],
a(m,n) =
0; otherwise,

clearly T"is an a-admissible mapping.

Hussain et al. [96] presented the following result by using F-contraction.
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Theorem 2.8.5.
“Let (M,d) be a complete metric space. Let T : M — CB(M) satisfying the

following assertions:

1. T is an ay-admissible mapping.

2. T is an a, — 7 — F-contraction.

3. There exists my € M such that au(mg, T'mg) > 1.
4. liminf,_,,+ T(s) > 0; for all ¢t > 0.

5. T is a continuous mapping,
then 7" has a fixed point in M”  [96].

After the introduction of F-contraction by Wardowski [95] in 2012, different au-
thors established many interesting results in this setting. In this perspective Sece-
lean [9], Piri et al. [98], Consentino et al. [134], Hussain et al. [96] and Sgroi et al.
[5] used F-contraction for different contraction conditions. Some more extensions
can be seen in literature, for examples, [7, 8, 48, 96, 97, 102-104, 135].

The concept of («,1)-contraction is also utilized by Ali et al. [94] with the struc-
ture of uniform spaces. Stepping forward another important generalization of
metric [70] appeared in literature in which author extended different fixed point
results on the structure of extended b-metric spaces.

The following result of Ali et al. [75] was a source of inspiration for the current
research.

Theorem 2.8.6.

“Let (M, d) be a metric space. Let S be a nonempty subset of M which is complete
induced with the metric d. Let D : S — CL(M) be a strictly («,F)-contractive
type mapping on S, then D has a fixed point m € S if the conditions given below

are satisfied:
1. D is an a-admissible mapping.
2. There exists my € S and my € Dmg N S such that a(mg, m1) > 1

3. D is a continuous mapping” [75].



Chapter 3

F P Theorem Via
(a,[')-Contraction NS Approach
in MS

In this chapter, notion of («,F)-contractive nonself multivalued mappings has
been introduced. The existence of the fixed point and its uniqueness on (a,F)-
contractive mapping by using the proposed notion are established. Some fixed
point new results have been produced by using the notion of («,F)-admissible
pairs. The chapter is furnished with some examples to support this new approach.
Many authors produced fixed point results on nonself mappings [136-144]. The
results presented in present chapter are based on the ideas given by Samet et al.

[90], Ali et al. [94] and Hussain and Igbal [100].

3.1 Wardowski Type (a,F)-Contractive Approach

This section includes some fundamental definitions and some results supported by
valid examples. The notion of nonself a-admissible mapping is modified by Ali et

al. [75] as follows:

%)
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Definition 3.1.1.
Consider a complete metric space (M,d) for a nonempty set of M. Let S be a
nonempty subset of M, then a nonself mapping D : S — C'L(M) is said to be an

a-admissible mapping if there exists a mapping a: S x S — [0, 00) such that

a(my,mg) > 1 implies that «(a,b) > 1

for each a € Dmy NS and b € Dmy N S for all my, mqy € S [75].

Here an (o, F')-contractive mapping is defined with a new approach of maximum

distance.

Definition 3.1.2.

Consider a complete metric space (M, d), with M is a nonempty set. Also assume
that S be a nonempty subset of M. A nonself mapping D : S — CL(M) is
said to be an («,F')-contractive mapping if for a function a: S x S — [0, 00), an

F-mapping (F € F 2.8.1) and 7 > 0, the following conditions are satisfied:

1. DmnNS # ¢ forallmeS.

2. For each m{,my € S, we have

T+ F (a(my,me)H(Dmy NS, Dmy N S)) < F(M,(mq,ms)), (3.1)

where

min{a(my, mo)H(Dmy NS, Dmy N S)), My(mq,mg)} > 0,

and

d(ml, Dm1 N S) + d(mg, Dm2 N S)
9 )

M, (my,my) = max{d(ml, ms),

d(ml, Dmg N S) -+ d(mg, Dm1 N S) }
5 .
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Since F is a strictly increasing function, therefore D : S — C'L(M) is a strictly

(o, F')-contractive type mapping on a complete sub-space S of M.

Theorem 3.1.3.
Consider a metric space (M, d) and a complete nonempty subset S of M induced
with the metric d. Let D : S — CL(M) be a strictly («,F)-contractive type map

on S, then D has a fixed point m € S if the conditions given below hold:

1. D is an a-admissible mapping.
2. there exists mg € S and m; € Dmgy N S such that a(mg, my) > 1.
3. D is a continuous mapping.

Proof.
By the condition 2., there is mg € S and m; € Dmg N S such that

O((m(), ml) Z 1.

For mqy = my, the proof is obvious.

Now suppose that mgy # m;.

If m; € Dmy NS, then m; is straight forwardly a fixed point.
Suppose that m; ¢ Dm; N S.

Since D is a strictly (a,F)-contractive type mapping on S, the following holds.

T+ F(a(mo, my)H(Dmo NS, Dmy N S))

d(mg, Dmo N S) + d(mq, Dmy N S)
2 )

< F(max{d(mo,ml),

d(mg,Dml N S) + d(ml,Dmo N S) })
2

IN

(max {d(mq, m1),d(m1, Dmy)})

IA

F
F(d(mg, Dm0)>
F

IN

(d(mg,mq)) ¥ mg,m, € S.
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Therefore, we have

T+ F(H(DmyNS,DmoNS)) < F(d(my,mp)) Vmg,m, €5.

This implies for my € Dmq NS, we have

T+ F(d(mg,m1)) < F(d(my,mg)) ¥ mg,m, € 5.

Similarly

T+ F(a(my,mo)H(Dmy NS, Dmy N S))

d(ml, Dm1 N S) -+ d(mg, Dmg N S)
9 )

<F (max{d(ml, ms),

d(m1, Dmy N S) + d(mg, Dmy N S) })
2

IN

(max {d(my, m3),d(ms, Dms)})

IN

F
F(d(ml, Dml))
F

IN

(d(mqy,mq)) Vmq,m, €S.

So, we have

T+ F(H(Dmyn S, DmyNS)) < F(d(mg,my)) ¥ my,m, €S.

This implies for mg € Dmy N S, we have

T+ F(d(mg, ms)) < F(d(mg,my)) ¥ ms,m, € S.

Now using the a-admissibility, we have

a(mg,my) > 1

= a(my,mg) > 1,

if mi € DmgN S and my € Dm; N S.
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Continuing in this way, the following can be easily claimed for m;.; € Dm; N S,

almy,mypr) > 1, VYmy,m,,, € Sandt € NU{0}. (3.2)

t4+1
By running iterative,

T+ F(d(myg1,my)) < F(d(mg, my_q)).
Inductively, we have

F(d(mg,mesr)) < F(d(mg, my)) — tr. (3.3)
Taking limit ¢ — oo on both sides

lim F(d(m¢, mys1)) = —00. (3.4)

t—o0

From applying F-mapping definition, it is obtained

lim d(my, mys1) = 0. (3.5)

t—o00

Furthermore, denote d(my, myy1) by d;. By using F-mapping definition, there
exists k € (0, 1) such that
lim dFF(d,) = 0. (3.6)
t—o0

With the new notation, (3.3) may be expressed as

F(dy) — F(do) < —trdiF(d;) — di F(do)
< di(F(do) — tr) — dy F(dy)
= —td;T.
= lim [df F(d,) — d¥F(dp)] < lim —dFtr.
t—o0 t—o0
= lim —tdiT > 0.
t—o00

= tlim tdf =0, as 7 > 0 (using (3.5) and (3.6)).
—00
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There exists ty € N such that tdf < 1 for all ¢t > .

1
dj < 7 (3.7)
1
= &< (3.8)
k
To show that {m,} is a Cauchy sequence, proceed as follows.
d(my, mg) < d(my,meyr) + d(mysr, mge) + ... + d(mg_q, myg)
< Z d;
i=t
< (3.9)

1=t

1
ik
Taking limit ¢ — oo on both sides of (3.9),

tliglod<mt’ms <1:11>IZ>1<>Z T
ik

So it follows that, {m,} is a Cauchy sequence. Therefore, it follows that S is

complete and there exists m € S such that

lim d(my, m) = 0.

t—o00

= lim m; = m.
t—o00

Since D is continuous, therefore
d(m, Dm) < tlim H(Dmy, Dm) = 0.
—00
Thus, we have

d(m,Dm) =0 = m € Dm.

Hence D has a fixed point. n
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Theorem 3.1.4.
Consider a metric space (M, d) and assume that S be a complete nonempty subset
of M induced with metric d. If D : § — CL(M) be a strictly («,F)-contractive

type mapping on S then D has a fixed point for holding the following assertions:

1. D is an a-admissible mapping.

2. there exists mg € S and m; € Dmg N S such that

a(mg,my) > 1.

3. For any sequence {m;} in S with m; — m and a(m;, my1) > 1V

t € NU {0}, either

(a) lim a(my,m)>1or
t—o00

(b) a(my,m) > 1.

Proof.
It follows from the proof of Theorem 3.1.3 and we conclude that {m;} in S be a
Cauchy sequence such that

lim d(m, m) =0,
t—o00

and a(my, myyq) > 1 for all t € NU{0}.
Assume that d(m, Dm) # 0 and using Definition 3.1.2, we obtain

T+ F(Oé(mb m)d<mt+17 Dmn S))
<7+ F(a(my,m)H(Dm;NS,DmNS))

D D
§F<mm{ﬂm%m%amh7mﬂngWm mﬂSX

d(mg, Dm0 S) + d(m, Dm; N S) })
5 :

Since a(my, my;1) > 1 and F' is an increasing function, it is easy to observe that

F(d(mysr, Dm0 S)) < F(d(mo, DmN S)) — tr.
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Using limit ¢ — oo, it is obtained
= tlggo F(d(mis1, DmnNS)) = —oc.
By using the definition of F-mapping, we have
tlggo d(miy1, DmnNS) = 0.

Using assertion 3-(a), the following claim can be easily defended

dim,DmnS) < tlim a(mg, m)d(mer1, DmNS)
—00

= 0.
Furthermore, since it is obvious that

d(m,Dm) < d(m,DmnNS)

IN

0.

Therefore

d(m, Dm) = 0.

If assertion 3-(b) is used as an argument,

d(myy1, Dm N S) < a(my, m)d(mys1, DmnNS)

Using (3.10) one can deduce

d(m,Dm) < d(m,DmnNS) = 0.

Hence, it follows that

d(m, Dm) = 0.

That is m € Dm.

< a(my,m)H(Dm; NS, Dm N S).

(3.10)

(3.11)
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Example 3.1.1.

1
Consider M = (—o0,—8) U {F te N} U {0}, accompanied with the usual

1
metric d, and S = {§ te N} u{0,1}.

Now define D : S — 2™ on metric space as

1 , 1
D — {ﬁ,l} if mE{E:tEN},

{0} if m =0,

and o : S x S — [0,00) as

1
1 if m,ne{—t:teN},
alm,n) = 2
0 otherwise.

when

min{a(m,n)H(Dm NS, DnNS)), M,(m,n)} > 0.

It is clear that Dm N .S # () for each m € S.
Let

F(m)=Inm forall m >0.

1
As a(m,n) > 1 and m,n € {5 't e N} so, D is a multi-valued mapping. Now

through the following way, D can be easily seen as an («,F')-contractive and «-
admissible mapping.

Letm:%andn:%,suchthats>t2 1.

Then we have, by using the Definition 3.1.2.

2t — 1 2t — 1
F(a(m,n)H(DmN S, DnNS)) — F(d(m,n)) =In W’ —1In 5 ‘
1
=In—
2
1
< —3 VYm,n€S.

1
By this way, D is a multi-valued (a,F)-contractive mapping on S with 7 = 3

Therefore, the fixed point of D is m = 0 as it satisfies the Theorem 3.1.3.
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Definition 3.1.5.
Let (M, <,d) be an ordered metric space and A, B C M. We say that A <, B if

for each m € A and n € B, we have m =< n.

Corollary 3.1.6.

Consider an ordered metric space (M, =,d) with (S,=) a complete nonempty
subset of M induced with respect to the metric d. Let D : S — CL(M) be a
(av,F')-contractive mapping such that DmN.S # ¢ for all m € S with m < n, then

we have

7+ F(a(m,n)H(DmN S, DnNnS)) < F(My(m,n)) Vm,n €S,

where
min{a(m,n)H(Dm NS, DnN S)), M,(m,n)} > 0,
and
M,(m,n)
_ max { d(m, ), 2 Dm0 6) 2+ d(n,DnNS) d(m. Dn 0 S) ; d(n, Dm N S) }

and [ is an increasing function. Here we also assume that the following assertions

are satisfied:

1. there exists mg € S and m; € Dmg N S such that mg < mq,
2. either

(a) D is continuous, or

(b) for any sequence {m;} in S with m; — u as t — oo and

my =X myyq for all t € NU {0}, such as t — oo, my < u, or

(c) for any sequence {m;} in S with m; — u as t — oo and

my = my4q for all t e NU {0}, m; < ufor all t € NU {0},

then D has a fixed point u € S.
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Proof.

Define a: S x S — [0,00) as

1 if m <n,
a(m,n) =

0 otherwise,

We get a(mg, mq) = 1, which follows from condition 1. and from the definition of

a-mapping, and from 2., we have that m < n implies that
DmnNnS<,DnNnS

and hence we get «a(a,b) = 1 implies that a(u,v) = 1 for all u € Dm N S and
v € Dn NS which follows from definitions of < ordered metric space and a-
mapping.

Furthermore, we can easily verify that D is a strictly («,F)-contractive type map-
ping on the subset S of M. So D has a fixed point as it satisfies all the conditions

of previous Theorem. O

Remark 3.1.7.

It is worth mentioning that in Theorem 3.1.4, condition (a) was introduced by
Samet et al. [90] and condition (b) was introduced by Ali et al. [75] and we have
introduced these conditions for different contraction. We can verify that both

conditions (a) and (b) are independent with the help of following examples.

Example 3.1.2.

1 1
LetM:{—:meN}U{O}. Let my = —— for all

m 42
t € NU {0}, then {m;} converges to u*. Define a: M x M — [0,00) as

( 11 )
max{—,—} ifm#0 and n#0

m n
1

a(m,n) = if either m =0 or n =0,
m+n

1 if m=0=n.
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Since

a(my, myp1) = o ( ! ! )

t+2't+3
=t4+3>1

for all t € NU {0},

and

1
——0)=t+2>1
a(t+2’> * ’

for all t € NU{0}, therefore, the condition 3-(b) of Theorem 3.1.4 is satisfied but

fm aim ) = Jin(o-+2) = o0

which means that 3-(a) is not satisfied.

Example 3.1.3.
1

Let M = {—:mEN}U{O}.
m

1
Let my = = for all t € NU {0}, then {m;} converges to u*.

Define av: M x M — [0, 00) as

m'n
_ 2 e

afm,n)=q 2 if either m =0 or n =0,
m+n+ 2

( 11 _
max{—,—} iftm+#0 and n#0

1 ifm=0=n.

\

Since

t+2t+3

a(me, me1) = o ( ! ! )

=t+3>1

for all t € NU {0} and

L) 2t
“Nitx27) " 2uxs
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Therefore,

. L 244
lim a(my, u*) = lim ——

=1.

So, condition 3-(a) of Theorem 3.1.4 is satisfied but in this scenario is obviously

not meeting the requirement of condition 3-(b).

3.2 Applications

In this section, we are giving the solution of certain integral inclusion e. g. volterra
integral inclusion via our main result. Many mathematicians worked on the so-
lution of volterra integral inclusion via by establishing different main results and
provided the application of fixed point results e. g. [5, 8, 10, 12, 69, 70, 89, 92,
97, 100, 145, 146].

For this, assume that M = C([0,1], R) and S be a nonempty subset of M such
that S = C(][0, 1], R4 ) be the space of all continuous real valued functions on [0, 1].

M is complete metric space with metric d defined as

d(mq,ma) = sup |[my(t) — ma(t)].
t€(0,1]

Now by using the Volterra-type integral inclusion as given
t
my(t) € / N(t,s,mi(s))ds + f(t) (3.12)
0
such that for all ¢, s € [0, 1] along with the continuous functions
f:0,1] =Ry and N:[0,1] x[0,1] x R —» R,.

For each m; € C([0,1], R), the operator N(t, s, my(s)) is lower semi continuous.
Now for the integral equation as taken above, here we define a multivalued operator

D: S — CL(M) by as below:
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D(my(t)) = {u € C([0,1],R) 1 u € /0 N(t,s,mi(s))ds+ f(t),t €0, 1]}

Let m; € C([0,1], R), and denote N,,, = N(t,s,my(s)) for each ¢,s € [0,1]. Now
for Ny, : [0,1] x [0,1] — P.,(Ry), by Michael’s selection Theorem, there exists a
continuous operator

My 0,1] % [0,1] = Ry

such as N, (t,s) € Ny, (t,s) for all t,s € [0, 1]. This shows clearly that

/0 non, (£, 5)ds + F(£) € D(ma(1)).

Thus,it clearly follow that the operator Dm, is nonempty, and operator Dmy is

closed. If multivalued operator D having a fixed point, then m; € Dm;.

Theorem 3.2.1.
Let M = C([0, 1], R) and S be a nonempty subset of M such that S = C([0, 1], R;)
be the space of all continuous real valued functions on [0,1]. Let D: S — CL(M)

be a multivalued operator defined by as below:
t
D(mq(t)) = {u € C([0,1,R) :u € / N(t,s,mi(s))ds + f(t),t € [0, 1]} :
0
with the continuous functions f: [0,1] — R, and a multivalued function
N:[0,1] x [0,1] x R — P.,(R4)

are such as for each m; € C([0,1], R), the operator N(t,s,m;(s)) is lower semi
continuous.

Suppose that the assertions given below are satisfied:

(i) there exists a continuous mapping p: S — [0, 00) such as

(N(t,s,m(s)) = N(t,5,m3(s))) < p(s)[ma(s) —ma(s))|
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for each ¢, s € [0, 1] and for all my, my € S;

(ii) there exists 7 > 0 and a: S x S — [0, 00) for each my,my € S, we have

t -7
/ p(s)ds < 6—, t € 10,1];
0

a(my, mso)

(iii) there exists mo € S and m; € DmyN S with a(my, mg) > 1;

- I

(iv) If my € S and ms € Dmy NS such that a(m;,ms) > 1, then we have

a(mg,m3) > 1 for each mg € Dmy N S,

(v) for any sequence m, € S such that m, — u as a — oo and a(mgy1,m,) > 1

for each a € N, it has a(mg,u) > 1 for each a € N,

then Volterra-type integral inclusion having a solution.

Proof.

It has to show that the operator D satisfy all conditions of the Theorem 3.1.3. To
see the (3.1) , let my, mg € S such asu € Dm;NS, then it has ng,, (t,s) € Ny, (t, s)
for all t,s € [0, 1] such that u(t) = fot N(t,s)ds + f(t), and on the other hand,
from hypothesis (i), it ensures that there exists v(t,s) € Ny(t, s) such that

[Py (8 5) = v (2, 8)] < p(s)|ma(s) = ma(s)];

for all t,s € [0,1] and my,ms € S.
Consider the multivaued operator D, is given as

Di(t,8) = Nony (£,8) N {0 € Rt [, (£ 8) — w] < p(s)ma(s) — ma(s)]}:

for all t,s € [0,1] and m; € S.

As the given operator D is lower semi continuous, so there exists a mapping

Tomy : [0,1] % [0,1] — R,



F P Theorem Via (a,F )-Contraction NS Approach in MS 70

such that n,,(t,s) € Di(t,s) for all t, s € [0,1]. Thus, we get

r(t) :/0 N, (T, 8)ds + f(t) € /0 N(t,s)ds + f(t)

for all ¢, s € [0,1] and we have

|ww—rw|s[:mm@»>—mmaﬁnw
sﬁmwm@—m@m

gwpmwwwmmlp@w

tel0,1]

< dlm.ms) [ (o)

—T

e

IN

Oy ) d(my, mg) for all ¢,s € [0,1].
Consequently, it has that
a(my, mo)d(u,r) < e Td(my,ms).
Now, if we replace the role of m; and mo, we get that
a(my, mg)H(Dmy, Dmy) < e~ "d(mq, ms) for all my,mq € S,
whenever

min{a(my, me)H(Dmy NS, Dmy N S)), M, (mq,ms)} > 0.

Now using the natural logarithm that belongs to T, on the above mentioned

inequality and doing the process of simplification, we have

T+ In(a(my, me) H(Dmy, Dms)) < In(d(mq, ms)) for all my, my € S.

So, D is an («,F)-contractive mapping and

F(m)=1Inm; m > 0.
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In this way, all conditions of Theorem 3.1.3 follows from hypothesis. Hence the

mapping D has a fixed point and integral inclusion has a solution. O]

3.3 Conclusion

Wardowski [95] gave the idea of F-contraction and proved some fixed point results.
These results generalizes the conventional Banach contraction principle. In [75],
Ali et al. have used a new approach of contractive nonself multivalued mappings.
Combining these approaches [75, 95] a new notion of («,F') nonself multivalued
mappings has been introduced in this chapter. Using new concept, we established
Theorem 3.1.3. By relaxing condition 3. in Theorem 3.1.3 a new fixed point
Theorem 3.1.4 is proved as well. These theorems together with the endorsing

examples can be a good contributions towards fixed point theory.



Chapter 4

Fixed Point and Common Fixed
Point Theorems in US (Uniform

Spaces)

The main objective of this chapter is to introduce the notion of («,F')-contractive
mapping and prove the results to find the existence of fixed point and its unique-
ness for (a,F)-contractive mapping in the structure of uniform spaces. There are
certain results to prove the existence of common fixed point using the notion of
a-admissible pairs. Examples are also provided for verification of the theorems.
A generalized structure of metric space, uniform space, remained an important
aspect for establishing fixed point results along with F-contraction [5, 9, 48, 97—
99, 113, 115-117, 134, 135, 147, 148]. Some preliminary and allied concepts of

uniform spaces are given in subsections (2.6.7) to (2.6.17).

4.1 Fixed and Common Fixed Point Theorems

A new notion of (a,F)-contractive mapping in uniform space is established in
this section. Certain fixed point theorems are also provided in this setting with

examples.

72
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Now we continue this section for the objective to give certain new results with the

following definition.

Definition 4.1.1.
Let (M,U) be a uniform space and p be an E-distance on M. A self mapping
T: M — M is said to be («,F)-contractive mapping if there exists a functions

a: M x M —[0,00), (F € F 2.8.1) and constant 7 > 0 such that

T+ F(a(my, ma)p(Tmy, Tms)) < F(p(mi,msa)), Y my,me € M (4.1)

whenever

min{a(my, mg)p(T'my, Tms), p(my,ma)} > 0.

Theorem 4.1.2.
Let (M,U) be an S-complete Hausdorfl uniform space and p be an E-distance on
M. Let T: M — M is (a,F)-contractive mapping and it satisfies the following

assertions:
1. the mapping 7' is an a-admissible;

2. there exists my € M such that a(mg, Tmg) > 1; and; a(Tmg,mgy) > 1;

3. the T' map is p-continuous,

then T" map has a fixed point.

Proof.

By condition 2. there exists my € M such that a(mg, T'mg) > 1.
We define a sequence {m;} in M by myy, = T'm, for all t € NU {0}.
If my, = my,+1 for some %y, then m = my, is a fixed point of T'.
Therefore, we consider that m; # my, for all ¢.

As T map is an a-admissible, then

a(mgy,my1) = a(mgy, Tmg) > 1.

= a(mi,me) = a(Tmg, Tmy) > 1.
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Inductively, we have

a(mt,mt+1> Z 1, Vit e NU {O}

Thus from (4.1), we have

p(mt+1, mt) = p(Tmt, Tmt—l)
< 7+ F(a(my,my_1)p(Tmy, Tmy_1))

< F(p(my, mi—1)).

We get that

T+ F(a(my, me1)p(Tmy, Ty 1)) < F(p(my, my_1)).

Simply,
T+ F(p(Tmta Tmt—l)) < F(p(mt, mt—l))~

By running iteration, for all ¢ € N, we have

T4+ F(p(Tmi—1,Tmy—2)) < F(p(me—1,m—2)).

It follows that
T+ F(p(Tmy, Tmg)) < F(p(my,myp)).

Further,
7+ F(p(T'mg, Tmy)) < F(p(ma,m1)).

In the similar manner

T+ F(p(ng,ng)) < F(p(mg,mg)).

Inductively, we have

tT + F(p(mt,mt+1)) < F(p(m07m1>>

(4.2)
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The inequality yields to the following

F(p(my,mys1)) < F(p(mo,my)) — tr. (4.3)

Letting ¢ — oo in the above given inequality, we get

lim F(p(mt, mt+1)) S }i}rg[qu(mO? ml)) — 1T

t—o00

= lim F(p(m¢, mey1)) = —o0.

t—o00

Thus by using the 2nd condition on the above equation of definition of F-mapping,
we get

lim p(my, mysq1) = 0. (4.4)

t—o0

For convenience we denote p, = p(my, m;.1) for each t.

Property F3 implies that there is a number k € (0,1) such that
. k .
Jlim py F(p;) = 0. (4.5)
From (4.3), we have

F(pt) — F(po) < —tr.
Py F(pe) — pFF(po) < pf(F(po) — tr) — p{ F(po)
= —tpjT

<0.

. k k . k
_ < — .
Jim [pg F(pe) — pi Fpo)] < lim —pytT
lim —tpr > 0.
t—o00

Letting ¢ — oo in the above inequality, we have

tlim tpf =0, for 7>0 (using equations (4.4) and (4.5)).
—00
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Then there exists tg € N such that tpf < 1 for all t > .

| =

= pF <

Thus, we have

iptﬁm-

As p is E-distance, then by using triangular inequality for s > ¢, we have and for

the purpose to show that {m,} is a p-Cauchy sequence.

Consider

plmy, ms) < p(my, mes1) + p(Mysr, Migo) + ..o+ plms_1,my)

Letting t, s — oo in the above given inequality, it follows

lim p(mq, my) = 0.

Since p is not symmetrical, by using the assumption
a(Tmg,my) > 1

and hypothesis of the theorem in the similar manner as mentioned above

p(ms, me) < p(mgs, myi1) + p(Msi1, Msy2) + ...+ plmy_1, my)
= Zpi - Zpi
1=§ 1=t
1 =1
<D~ L

We get

tlggop(ms, my) = 0.
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Therefore, {m;} is a p-Cauchy sequence in M.
From S-completeness property of M it follows that

lim p(m¢, m) = 0.
t—o00

Further by hypothesis 3., we have

lim p(T'my, Tm) = 0.
t—r00

that is,
tliglop(mtﬂ, Tm) = 0.
So, it has
Jim p(my, m) = 0,
and
}H&p(mtv Tm) = 0.
Hence, by using Lemma 2.6.14-(a), we have  T'm = m. O

In the next result, p-continuity of the mapping is replaced by another condition

which is imposed on the space.

Theorem 4.1.3.
Let (M,U) be an S-complete Hausdorff uniform space and p be an E-distance on
M. Let T: M — M is («a,F)-contractive mapping and it satisfies the following

assertions:

1. the T map is a-admissible;

2. there is my € M such that a(mg, Tmg) > 1

and o(Tmg, mg) > 1;

3. for some sequence {m;} in M with m; — m as t — oo and a(my, m1) > 1

for all t € NU {0}, we have a(my,m) > 1 for all t € NU {0},
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then T" has a fixed point.

Proof.
From the previous Theorem 4.1.2, and having that {m,} is a p-Cauchy in M and

a(my, Tmyyq) > 1 for each t € NU{0}.
Further, there exists m € M such that
Jim p(my, m) = 0.

By hypothesis 3., we have

a(mg,m) > 1

for each t € NU {0}.

Thus by using (4.1) and triangular inequality of p , we have

p(my, Tm) < p(my, myy1) + p(myg1, T'm)

IA

p(me, mey1) + F(a(my, m)p(Tmy, Tm))

A\

p(me, mey1) + F(p(me, m)).

Letting ¢ — oo in the above inequality, we get
p(myg, Tm) = 0.

So, it follows

Jim (o) =0

and

tlglgop(mt,Tm) =0.

So, from Lemma 2.6.14-(a), it proves that

Tm = m.
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Example 4.1.1.

Consider that M = {% teN } U {0} be a nonempty set and it is a metric space
with p as usual metric.

Define U = {U,|e > 0}. It can be seen that (M,U) is a uniform space. Now define
T: M — M as

0 ifm=0
1 1
Tm=4_1 _  tm=2l.t>1
sir2 TMmEite
1 it =1,

and a: M x M — [0,00) as

1 ifmneM-—{1}

a(m,n) =

0 otherwise.
\

It is very simple to verify that 7" mapping is («,F")-contractive and consider that
F(m)=1nm

for each m > 0 and 7 = 1.

1
For mg = 27 we have

a(mg, T'mg) = a(T'mg, mg) = 1.

Further, for any sequence {m;} in M with m; — m implies that there exists a
to € N such that

a(my_1,my) =1, forall, t €N,

and

a(mg,m) =1, fort > t.
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Now, we calculate the fixed points of the mapping 7.
For the said purpose

TO=0
Tl =1
1
Tec= I
3—+2
c
Tec= ¢
3+ 2¢
N c
CcC =
34+ 2c¢
=2c+3=1
= 2c = —2
=c=-1

Hence, it can be followed from the above stated Theorem 4.1.3 that the given T’
has these fixed points —1,0, 1.

Now, we intend to find out the uniqueness of fixed point and for the said purpose

consider the following assumption:

(: J) For all m,n € Fix(T), we have v € M such that
afv,m)>1 and «a(v,n) > 1,
where, the set represented by Fiz(T) is containing all fixed points of 7.

The guarantees of unique fixed point is given in the following theorem.

Theorem 4.1.4.
If we add the assumption (: J) in the condition of Theorem 4.1.2 and Theorem

4.1.3, one can get the fixed point uniqueness of maps 7.

Proof.

Now it is supposed that a and b are two distinct fixed point of T', contrary to our
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supposition. Following the condition (J), there is y € M such that

a(y,a) > 1 and a(y,b) > 1.

As T map is an a-admissible, thus we get

a(T'y,a) > 1 and a(T'y,b) > 1, for all, t € NU{0}.

We define the sequence m; € M by

for all t € NU {0}
and yo = vy.
Thus from (4.1), we get

T+ F(p(yis1,0)) < 74 Fla(yg, a)p(Tys, Ta))

< F(p(y,a)), forall t € NU{0}.
Inductively, we get the following
P(y,@) < F(p(yo, ) — tr, for all t € NU {0},

Letting ¢ — oo in the above in-equality, we get

lim F(p(y,a)) = —o0.

t—o0
By using the property F, we reach

Jim p(.) = 0.

Similarly, we have

Jim p(ys, b) = 0.

(4.6)

(4.7)

(4.9)

(4.10)
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Thus by Lemma 2.6.14, we get a = b. O]

In the following definition we introduce the notion of («,F)-contractive pair for

self mappings:

Definition 4.1.5.

Let (M,v) be an S-complete Hausdorff uniform space and p be an E-distance
on M. A pair of mappings T, S: M — M is («,F)-contraction if there exist the
function a: M x M — [0,00), (F' € F 2.8.1) and 7 > 0 such that

T+ F(a(m,n) max{p(T'm, Sn),p(Sm,Tn)}) < F(p(m,n)) (4.11)

for all, m,n € M,

whenever

max{a(m,n) max{p(Tm, Sn),p(Sm,Tn)}, p(m,n)} > 0.

Theorem 4.1.6.
Let (M,U) be an S-complete Hausdorff uniform space and p is an E-distance on
M. Let a pair of self mappings 7', S: M — M is («,F)-contractive which satisfies

following assertions:

1. (T,S) mapping pair is a-admissible;

2. there is a point mg € M such that

a(mg, Tmg) > 1 and a(Tmgy, mg) > 1;

3. for some sequence {m;} in M with m; — 0 as limit ¢ — oo and

a(myg, myyq) > 1 for each t € NU{0}, then a(my, m) > 1 for each t € NU{0};

then the pair (7, 5) has a common fixed point.
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Proof.

From condition 2., we nave let my € M such that
a(mg, Tmgy) > 1 and a(T'mg, mg) > 1.
As (T, S) pair is a-admissible, so take a sequence m; in M such as

T'mg = Mo

and

Sm2t+1 = M2¢42

and

almg, mer1) > 1, and, a(myq,my) > 1

for all t € NU {0}.

From (4.11) and ¢t € NU {0}, we get

T+ p(mars1, Marre) = 7+ p(Tmar, Smgri1)

< Oé(m2t7 m2n+1) max{p(ngt, Sm2t+1)7p(sm2ta Tm2t+1)}

<7+ F(Oé(m% m2t+1) maX{p(Tmzta Sm2t+1),p(5m2t, Tm2t+1)})

<7+ F(p(mar, mar+1)) < F(p(mar, mapi1)).

This implies that

T + F(p(% m2t+1)) < F(p(mgt, m2t+1)) (4-12)
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Likewise, we get the following

p(m2t+2, m2t+3) = p(Tm2t+1; Sm2t+2)

< a(mat1, Moryo) max{p(Tmaoi11, Smoria),

P(Sm2t+17 Tm2t+2)}

< 7+ Fa(marr1, Mapro) max{p(Tmai1, Smarya),

p(SmQt—i—h Tm2t+2)})

<7+ F(p(mags1, Marya)) < F(p(mags1, Marya)).

This implies that

T+ F(p(mar1, Marya)) < F(p(magr1, Marya)). (4.13)

Similarly,
T+ F(p(mais2, Mames)) < F(p(maiga, Marys)). (4.14)

Thus from (4.12), (4.13) and (4.14), and by running the iteration, we get

nt + F(p(me, mysa)) < Fp(mo, ma)).

This inequality yields the following

F(p(my,mys1)) < F(p(mo,my)) — t1 (4.15)

for all t € NU {0}.

Taking limit ¢ — oo on both sides
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lim F(p(my, miya)) < Iim [F(p(mo, ma)) — t7]

t—o00

= lim F(p(my,mys1)) = —00.

t—o00

By using the definition of F-mapping, we have

lim p(my, my1) = 0. (4.16)
t—00

Let choose p; = p(my, myi1), by using F-property there exists k € (0,1) such that

equation (4.16) becomes

. k _
Lim py F(pr) = 0. (4.17)

And equation (4.15) becomes

F(p:) — F(po) < —tr

PyF(pe) — pF(po) < p}(F(po) — t7) — piF(po)

= —tpiT

<0.

. k ok sk
B [y F(p) = pi F(po)] < Jim —tp7.
lim —tpfT > 0.
t—r00

tlim tpf =0, for 7>0. (and using (4.16) and (4.17))
—00
There exists tg € N such that tp,’f <1 for all t > ¢,.

= pf < 1/t,

1
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As p is an E-distance, for s > ¢, and for the purpose to show that {m;} is a

p-Cauchy.

Using the inequality, it follows

p(my, mg) < p(mg, met1) + (M1, Maya) + ..+ p(ms—1, my)
= Zpi - sz‘
=t 1=s
=1 =1
<D
1=t 1=5
Letting t, s — oo in the above given inequality, we get

lim p(myg, ms) = 0.
t—o00

Since p is not symmetrical, by using the assumption
a(T'mg,my) > 1
and hypothesis of the theorem in the similar manner as mentioned above

p(mg,my) < p(mg, My1) + p(Mgy1, Maya) + ...+ D(My—1,Mmy)
:Zpi_zpi
1=s 1=t
<1 =1
SLE Law

We get

lim p(mg, m;) = 0.
t—o0

We conclude that {m;} is a p-Cauchy sequence in M. By S-completeness of M,

we have y € M such that lim;_,., p(my,y) = 0, which implies

lim T'mg; = lim Smogyy1 = y.
t—o00 t—o00
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By hypothesis 3., we get

a<mt7 y) 2 1

for each t € NU {0}.

Thus by using (4.11) and triangular inequality of p, we have

p(my, Ty) < p(my, mar2) + p(magra, Ty)
= p(myg, Magr2) + p(Smarir, Ty)
< p(me, Marr2) + (T + Fa(maer, y) max{p(T'mas1, Sy), p(Smarsr, Ty) }))
< p(my, mari2) + (7 + F(p(magy1, y))
< p(mu, marya) + F(p(marsa, y).

Taking ¢ — oo on both side of the inequality, we obtain
p(mt7 Ty) =0.
Further, we already have
lim p(my,y) = 0.
t—o0

Thus by Lemma 2.6.14-(a), we have Ty = y.
Analogously, we prove that Sy = y.

Hence, y is a common fixed point of

Ty =Sy

Remark 4.1.7.
Note: If we change the assertion 2. as stated below that Theorem 4.1.6 hold:

There exists mg € M such that

a(mg, Smp) > 1 and «a(Smgy,mg) > 1.
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We can obtain the proof of the following theorem in the same way as we obtained

the proofs of previous theorems.

Theorem 4.1.8.

Let (M,U) be a S-complete Hausdorff uniform space and p is E-distance on M.
Let T': M — M be a self mapping for which there exist the functions T': M x M —
[0,00), (F' € F 2.8.1) and constant 7 > 0 satisfying the following condition:

7+ F(a(m,n) max{p(T'm,n),p(m,Tn)}) < F(p(m,n)) (4.19)
for each m,n € whenever
max{a(m,n) max{p(T'm,n),p(m,Tn)},p(m,n)} > 0.
Further assume that the following assertions hold:

1. (T,S) pair is a-admissible;
2. there is a point mg € M such as a(mg, Tmg) > 1 and a(T'mg, mgy) > 1:
3. for some sequence {m;} in M with m; — m as limit ¢ — oo and

a(mg, myrqp) > 1 for all t € NU{0}, we have a(my, m) > 1 for all t € NU{0}.

Then T has a fixed point.

Example 4.1.2.
1
Let M = {; te N} U {0} be a nonempty set with usual metric p.

Define U = {U,|e > 0}. It can be seen that (M,U) is a uniform space. A mapping
T : M — M is defined as
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and S : M — M as

0 ifm=0
1 1
Sm={ -1 m=liian
1 ST te
1 ifm =1,
\

and a : M x M — [0,00) as

1 if m,ne M — {1}
alm,n) =

0 otherwise.

It is very simple to verify that (7',.5) pair of mapping is an (a,F)-contractive and
F(m)=Inm

for each m > 0 and 7 = 1.

For mg = %, we have

a(mg, Tmg) = a(Tmg, mg) = 1.

Further, for any sequence {m;} in M with m; — m and
a(mt,mt_l) =1

for all ¢ € N, we have

a(mg,m) =1

for each t € N.

Now, we calculate the fixed points of the mapping 7.
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For the aforementioned purpose

TO=0
Tl =1
1
Tec= 1
4—+1
c
c
Te =
¢ 4+ c
N c
C:
4+ c
=c+4=1
=c=-3

Now, we calculate the fixed points of the mapping S.

For the aforementioned purpose

TO=0
Tl =1
1
Tec= I
3—+1
c
Te= ¢
3+c
N c
CcC =
3+c
=c+3=1
=c= -2

Thus it follows from Theorem 4.1.6, we say that the pair (7),5) map has 0,1

common fixed points.

For the purpose to see the uniqueness of Common F P(T, S) mappings, we can

use the following assertion:

:I. For every m,n € Common F P(T,S), it has that a(m,n) > 1 and the set
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Common F P(T, S) represents the all common fixed points of pair mappings

(T, S).

Theorem 4.1.9.
By including assertion :I. in the condition of Theorem 4.1.6, one can get the

uniqueness of common fixed point (7, S) pair of mappings.

Proof.
Suppose in contrary that there are two different fixed points m,n € M of self
mappings pair (7,.5). By condition :I., it has that a(m,n) > 1.

From previous Definition (4.11), we have

T+ F(p(m,n)) <7+ F(a(m,n) max{p(Tm, Sn),p(Sm,Tn)})

< F(p(m,n))

which is not possible for p(m,n) > 0.

Thus, we have p(m,n) = 0.

Further, we get p(n,m) = 0.

Therefore, Lemma 2.6.14-(a), implies that u = v. This is contrary to the supposi-
tion.

Thus, the self mapping pair (7, S) has a unique common fixed point. O]

The following results are immediately follow from our results by taking a(m,n) = 1

for each m,n € M.

Corollary 4.1.10. Let (M,U) is a S-complete Hausdorff uniform space and p is
E-distance on M. Let T: M — M is a mapping for which there exist a mapping
(F € F2.8.1) and constant 7 > 0 satisfying the following condition:

T+ F(p(T'm, Tn)) < F(p(m,n))

for each m,n € M, whenever p(m,n) > 0.

Then T has a fixed point.
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Corollary 4.1.11. Let (M,U) be a S-complete Hausdorff uniform space and p is
E-distance on M. Let T: M — M is a mapping for which there exist a mapping
(F € F 2.8.1) and constant 7 > 0 satisfying the following condition:

7+ F(max{p(Tm,n),p(m,Tn)}) < F(p(m,n)),

for each, m,n € M, whenever

max{max{p(Tm, Sn),p(Sm,Tn)},p(m,n)} > 0,

then the pair (7, S) has a common fixed point.



Chapter 5

Fixed Point Theorems in

Extended b-Metric Spaces

In this chapter, certain fixed point results are proved satisfying («,F')-contractive
condition by using the new notion of extended b-metric spaces. Proved results
are generalizations of many existing results in literature. These theorems are also

supported by some examples.

5.1 Extended b-Metric Space

Recently Kamran et al. [70] introduced extended b-metric space and proved some
fixed point results. Many results are produced in this structure [66-68, 149—
151]. Some initial and related concepts along with examples are presented in
section (2.6.1). To learn the topological properties of continuity, convergence and
uniqueness of limit in extended b-metric space see [152]. We recall the following

definitions and notions.

Definition 5.1.1.

Consider a mapping A : M x M — [1,00) for a nonempty set M. A function
dy : M x M — [0,00) is called an extended b-metric space if it satisfies for all
mi, ma, m3 € M:

93
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d>\1. d)\(ml,ﬂ’LQ) Z 0,
dy2. d)\(ml,mg) =0 m; = mao,
d)\3. dA(ml,mg) = d)\(mg,ml),

dryd. dx(mq,mg) < Xmy,ms)[dr(my, ma) + dy(ma, m3)],

then the pair (M, d,) is called an extended b-metric space [103].

Remark 5.1.2.
If A(my,mg) = my +my = b for b > 1, then the definition of b-metric space is

obtained.

Example 5.1.1.
Let M = {1,2,3}. We define

A M x M —1,00)

and dy : M x M — [0, 00) as follows:

/\<m1,m2) =mi + Mo + 1.

Now define as follows

da(1,1) = dy(2,2)
= d\(3,3) = 0.

and

da(1,2) = dy(2,1) = 80,

dr(1,3) = dy(3,1) = 1000,

dr(2,3) = dx(3,2) = 600.
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Obviously the properties 1 and 2 are satisfied.

The property 3 is verified as follows: For d,(3,1) = 80.

dx(my, m3) < Xmy, m3)[dx(my, mz) + dy(ma, m3)].
dx(1,2) < A(1,2)[dA(1,3) + dr(3,2)].
80 < 4(1000 + 600).

80 < 6400.

For dy(3,2) = 600.

05(3.2) < A(3,2)[da(3,1) + dr(1,2)].
600 < 6(1000 + 80).

600 < 6480.

For d,(3,1) = 1000.

dr(3,1) < A3, 1)[dx(3,2) + dx(2,1)]-
1000 < 5(600 + 80).

1000 < 3400.

So, the property 3 is verified.

Then (M, d,) is an extended b-metric space on M [103].

Example 5.1.2.
Let M = [0, 1]. We define
A M xM—|1,00)

and

dy: M x M — [0, 00)
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respectively as follows:

Ay, ma) = myt my+2
b mi + Mo
(1
, it my,mg € (0,1], my # mo;
mime
dx(my, my) = 0, if mq,me €1[0,1], my =my;
1
-, if mo = 0, my € (O, 1]
\ My

It is easy to satisfy the first two properties which are trivially.

Now, in the following way, we consider the triangular inequality:

1. For my, ma, ms € (0, 1], we have

dx(mi,ma) < Xmy, ma)[da(my, m3) + dx(ms, ms)]

=

1 <2—|—m1—i—m2xm1+m2
mime mi + Mo mimeoms

=

ms S 2 + mq + mao.
2. For my,my # 0 and m3z = 0, we have

d,\(ml, mg) S )\(ml, mg)[d,\(ml, 0) + d,\(O, mg)]

=4

1 <2—|—m1—i—m2xm1+m2
mimeo mi + Mo mime .

=4

1§2—|—m1+m2.
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3. For my € (0,1], my = 0 and let mg3 € (0, 1], we have

d,\(ml, 0) S )\(ml, 0)[d)\(m1, mg) + d,\(mg, 0)]

=
L _2+m lim

my my mims '

=

mims < (2 + ml)(l + ml).

Therefore, it follows that for all mq,ms, mg € [0, 1] we have

dx(my,ms) < A(my, mg)[dr(m1,ma) + dx(ma, m3)].

Thus, the pair (M, d)) is extended b-metric space [103].

The vital concepts of convergence, Cauchy sequence and completeness in extended

b-metric space are defined as follows:

Definition 5.1.3.

Let (M, dy) be an extended b-metric space:

1. A sequence m; in M is said to be convergent to m € M, if for every ¢ > 0
there exists N = N(e) € N such that dy(m¢,m) < € for all t > N. In this
case, we write

lim m; = m.
t—00

2. A sequence my; in M is said to be Cauchy sequence if for every ¢ > 0 there

exists N = N(¢) € N such that

dy(my,ms) < €

for all t,s > N.

3. An extended b-metric space (M, d,) is complete if every Cauchy sequence is

convergent in M [103].
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5.2 Fixed Point Theorems in Extended 6-Metric

Spaces

In the current section, the main results along with related definitions are presented:

Definition 5.2.1.
Let (M, dy) be an EbMS such that dy is a continuous function. Let T: M — M
be an F-contraction. We shall call that it is an («,F')-contractive mapping if there

exists a function a: M x M — [0,00) and 7 > 0 such that
T 4+ F(a(mq, mo)dx(Tmy, Tmy)) < F(dy(m1,mg)) for all, mq,me € M. (5.1)
with

min{a(my, mo)dx(T'my, Tms), dx(my, my)} > 0.

Theorem 5.2.2.

Let (M,d,) be an EbMS such that d) is a continuous function. Let T: M — M
be a self mapping and 7" is an (a,F')-contraction (F' € F 2.8.1) for a: M x M —
[0,00). Then the self mapping 7" has a fixed point if the following given conditions

are observed for each my, my € M:

1. T is a-admissible self mapping.
2. There is a point mg € M such as a(mg,Tmg) > 1 and «(Tmg, mg) > 1.
3. T is continuous self mapping.

Proof.

We take my € M such that a(mg, my) > 1 which follows from hypothesis 2. Let

us take a sequence {m;} € M defined as
miy1 = Tmt.

If we find that

My = Mgy
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for some t¢, then proof is obvious and v = my, is a fixed point.

Now take that v £ my. If we have

my = 1Tmy,

then m, is a fixed point.
Suppose that my # my, for all T

As T is a-admissible, we follow that

a(mg, my) = a(mg, Tmg) > 1.

= a(my,mg) = a(Tmg, Tmy) > 1.

Following, we have

a(my,mpr) > 1, VYte NU{0}. (5.2)

Therefore, from (5.1) and (5.2) it is obtained

T+ F(a(my, mi_1)d\(Tmy, Tmy_1)) < F(dx(my, my_1)) ¥ mg,m, € M.

= 7+ F(dx(my1,my)) < F(dx(myg,my—1)) V¥V mg,m, € M.

It follows for all ¢t € N, we have

T+ F(dx(myga2, mey1)) < F(dx(megr, my)).

By running iteration, we have

T+ F(dx(ma,my)) < F(dx(my,mp))

T+ F(dx(mg,mg)) < F(dx(ma,my)).

Inductively, we have

nt + F(dyx(mgy,meyr)) < F(dy(mg,my))
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F((dx(m¢,mesr)) < F(dx(mo,my)) — t7. (5.3)

Applying limit ¢ — oo on both sides

lim F(dA(mta mt+1)) < tligl(J[F(d)\(mO, ml)) - tT]

t—o00

= tlirn F(dx(my,mysq)) = —00.
—00
By using F-mapping definition, it is obtained
tliglo da(my,myyq) = 0. (5.4)

Let us choose

dA,t = d,\(mt, mt+1)'

By using F-mapping’s 3rd property, there exists k& € (0,1) such as (5.4) becomes
lim d5 JF(dy.) = 0. (5.5)
And (5.3) may be expressed as

F(day) — F(dao) < —t1
i F(dyg) — dy  F(drp) < d5 ,(F(dro) —tr) — d5 ,F(dxo)

k

<0
tlggo[d];,tF(dA,t) - dl;,tF(d/\,O)] < tlggo *dﬁ,t”
sk >
tli}r& td)\’tT = 0

tlim tdy, =0, for 7>0. (andusing (5.4) and (5.5))
—00 ’
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There exists o € N such that td} , < 1 for all t > t,

= d5, <1/t
1

= dyy < R
tk

To show that {m,} is a Cauchy sequence for s > ¢, consider

d(me, ms) < A(my, mg)dx(mg, myga) + A, mg) MM, mis)dx(mgn, M)
+...4+
A(my, mg )N (myr1, mg)N(myro, myg) ... A(ms_1, mg)dy(ms_1,ms). (5.6)
[ee) 1 t
The series ; (7517) 11 A(m;, mg) converges by limit comparison test.

Let,

S = i (tl%) ilj/\(mums),

t=1

Thus for s > ¢, (5.6) implies:

d)\(mt;ms) S Ss—l - St-

Using limit ¢ — oo, it is concluded that {m.} is a Cauchy sequence. As M is

complete, thus, there exists m € M such that
lim dy(m;, m) =0
t—o00

which implies

lim m; = m.
t—00

Now, from the condition 3. of the theorem, it follows dy(T'm;, Tm) = 0, i. e.,

dx(mys1, Tm) = 0.
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Therefore, it follows from the continuity of dy, dx(Tm, m) = 0 and dy(my, Tm) =
0.
Thus, it follows T'm = m. O

Corollary 5.2.3.

Let (M, dy) be a b-metric space such that d, is a continuous function. Let T: M —
M be an («,F)-contractive mapping for av: M x M — [0,00). Then the self map-
ping T has a fixed point if the following given conditions are satisfied for each

mi, Mo € M:
1. T is a-admissible self mapping.
2. There is a point mg € M such as a(mg, Tmg) > 1 and «o(T'mg, mo) > 1.
3. T is continuous self mapping.

Proof.

If we choose A(my, me) = b with b > 1 in Theorem 5.2.2 we will have the proof. [

Definition 5.2.4.

Let T: M — M be an F-contraction. For some m, € M,
OT(TTL()) = {mo, Tmo, T2m0, }

be the orbit of mgy. A function G from M into the set of real numbers is said to
be T-orbitally lower semi-continuous at m € M if {m;} € Or(my) and m; — m
implies

G(m) < liminf G(my).

t—o00

Definition 5.2.5.

A self mapping T': M — M is called an («,F)-contraction type mapping if there

exists a function a: M x M — [0,00) and 7 > 0 such that

7+ F(a(b, Th)dx(Tb, T?b)) < F(dx(b, Th)) (5.7)
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for all b € Or(my) and my € M, where

lim A(mg,mg) =0
t,s—00

as T'mg = my,t €N,
then T'my — m € M whenever t — 0.

Moreover, the self mapping 7" has a fixed point m, if and only if
G(mq) = d(my,Tm,)
is T-orbitally lower semi continuous at point m, with
min{a(b, Tb) dy(Th, T?b) ,dx(b, Tb)} > 0.

Theorem 5.2.6.
Let (M, dy) be an extended b-metric space and d) is a continuous function.

Let T: M — M be an («,F)-contractive type mapping such that;

1. T maps is an a-admissible self mapping.

2. there exists mg € M such that a(mg, Tmg) > 1 and «(Tmg, mg) > 1,

then T" has a fixed point if and only if

is T-orbitally (L.S.C).

Proof.

We take mg € M and we define a sequence {m;} in such a way

mo,Tmo = ml,TQmo = Tm1 = Mo, ...,Ttmo = My

and so on.

We have that a(mg, my) > 1. If we find that mg = m;, then proof is obvious.
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Now suppose that mgy # my. If we have m; = T'my, then m; is a fixed point.

Suppose that my; # T'm; and
a(my,mirr) > 1, and, a(myr,my) > 1, forall, t € NU{0}.

Therefore, for b = T'my, it follows as

7+ F(dyx(Tmy, Tmyg)) < F(dx(Tmg,mg)) ¥V mg,m, € M. (5.8)

As the self mapping T is an a-admissible, so it has
a(mg, my) = a(mg, Tmg) > 1

= a(my,me) = a(T'mg, Tmy) > 1.

Inductively, it is obtained
a(T'me, T 'me) > 1, VteN. (5.9)
Its t-th iteration (5.8), for all ¢ € N, is obtained
T+ F(dx\(T'mo, T"'myg)) < F(dA(T" 'mg, T"my)).
It follows that

tT + F(d)\(Ttmo, Tt+1m0)) S F(d)\(mo, Tmo))

F(d)\(Ttmo, Tt+1m0)) S F(d)\(mo, Tm0)> — tT, (510)
this implies
tlirn F(dx(T'mg, T 'my)) = —oo0. (5.11)
—00

Hence by F-mapping’s definition, it is obtained

lim dy(T"mg, T"'mg) = 0. (5.12)

t—o00
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Let choose dy; = dy(T'mg, T 'my).
By applying F-mapping’s 3rd property, there exists & € (0, 1) such as (5.12) be-

comes

lim d5 \F(dys) = 0. (5.13)

It is obtained from Theorem 5.2.2 it can be shown that {m;} is a Cauchy sequence
in M and m; = T*mg — m € M.

Since G is orbitally lower semi continuous at m € M | so, it has

dx(m,Tm) < tlim inf dy (T mq, T" ' my)
—00

= 0.
Conversely, assume that {m;} € O(mg) for m; — m and
Tm =m,
then it is obtained that

G(m)=d(m,Tm) =0
< tlim inf G(my)

—00

< lim inf d(T"mg, T"'my).

t—o0
Thus, we have T'm = m. O]

Corollary 5.2.7.
Let (M,d,) be a b-metric space such that dj, is a continuous function. Consider
an («,F)-contractive type self mapping T : M — M which satisfy the following

assertions:

1. T maps is an a-admissible;

2. there exists mg € M such that a(mgy,Tmg) > 1 and «a(T'mg, mg) > 1,
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then 7" map has a fixed point if and only if G(m) = dy(m, T'm) is T-orbitally lower

semi continuous.

Proof. If we choose A(my, my) = b with b > 1 in Theorem 5.2.2 we will have the

proof. O]

Example 5.2.1.
Let M = [0,00). Define A : M xM — [1,00) and dy : M x M — [0, c0) respectively

as follows:

)\(ml, mg) =mi+mg + 2,

d,\(ml,mg) = (m1 — m2)2.

Then d) is an extended b-metric space on M.

Now define T': M — M as

m
Tm1 = 71

It is obtained from contraction

T+ F(d\(Tmy, Tms)) < F(dx(mq,ma)),
follow from:

r o F(lma —ma)?) < F((m —ma)?).
Define av: M x M — [0, 00) as

1 ifml,mg e M — {1},
a(my, my) =

0 otherwise.

Let

-1
F(m) = ﬁ; for all m > 0.

1
Now for any point my = g0 We have a(mqg, Tmy) = a(T'mg, my) = 1. For other

steps, it is considered a given sequence {m;} in M, we have m; — m as t — oo
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and it is obtained that a(m;_1, m;) = 1; for all ¢ € N and also it is obtained that
a(mg,m) =1; forall ¢t €N.
Therefore, by the Theorem 5.2.2, it is concluded that 7" has 0 fixed point.

5.3 Conclusion

Many distinct fixed point results are proved by taking the new idea of F'-contraction,
which was given by Wardowski [95]. In [48] Ali et al. gave an («, F')-contractive
mapping which is genaralization of Wardowski contraction. In this chapter, the
notion of («,F)-contraction is used for EbMS to prove some new fixed point re-
sults. The idea of EbMS was introduced by Kamran et al. [70] as generalization
of b-metric spaces. So, the main results of this chapter are distinct generalizations

of Wardowski [95] and many other concerned fixed point results [8, 12, 100].



Chapter 6

Fixed Point and Common Fixed
Point Theorems in S;-Metric

Spaces

In this chapter, certain fixed point results in the setting of Sy-metric spaces are
proved. To obtain this objective, the notion of («, F')-contractive pair in the
structure of Sy-metric spaces is introduced and then the Wardowski type mappings
in this structure is established. At the end, certain results on fixed points and
common fixed points have also been presented with solved examples for the better

understanding.

6.1 Fixed Point and Common Fixed Point The-

orems in S)-Metric Spaces

In [101], Souayah et al. produced some fixed point results on the platform of Sj-
metric space. Motivated by the above mentioned work, some fixed point results on
(o, F')-contractive mapping on the platform of Sy-metric space have been reported.
In this section, we have considered («,F')-contraction in the setting of Sy-metric
space to produce certain fixed point results. Furthermore, an example is provided

108



Fized Point and Common F P Theorems in S,MS 109

with the motive to clarify the main results. The produced results on S-metric space
and S,-metric space are given in [101, 110-112, 153-155]. Our results generalize the
several existing results given by many authors in literature. The related concepts
are given in sections (2.6.2) and (2.6.3). To give the main results of this section,

we first present a new definition in our setting.

Definition 6.1.1.

Let (M, S,) be an Sy-metric space with S, a continuous function and 7: M — M
be a self mapping and a: M x M — [0, 00), then T is called («, F, Sp)-contractive
mapping for some constant 7 > 0 such that it satisfies the following assertion for

each m,n € M:

T+ F((a(m,n)Sy(Tm,Tm,Tn)) < F(Sy(m,m,n)) (6.1)

with
min{a(m, n)S,(T'm, Tm,Tn)), Sp(m,m,n)} > 0.
Theorem 6.1.2.
Let (M, S,) be an Sy-metric space with S, a continuous function and 7': M — M

be an (a, F')-contractive mapping for 7 > 0 such that it satisfies the following

conditions for each m,n € M:
1. The self mapping T is an a-admissible,

2. There is my € M such as a(mg, Tmg) > 1 and a(Tmg, mg) > 1,

3. The self mapping T is continuous, then 7" has a fixed point w.

Proof.
We take mg € M and m; € T'mg such that a(mg,my) > 1.
If we find that my = mq, then proof is obvious.

Now suppose that

mo # my.

If we have

my = Tml,
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then m, is a fixed point. Suppose that

ma 7é Tm1

and

a(my, mepr) > 1

and

a(myyr,my) > 1, forall, t € NU{0}.

From the Definition 6.1.1, for all ¢ € N, we have

T+ F(Sp(myg1, mut1, Myg2)) = 7 + F(Sp(Tmy, Ty, Tmysy))

< 7+ F(a(migr, me)Se(Tmy, Tmy, Tmyyy))

< F(Sp(my, my, myq1)).

We know that for 1-st iteration

T+ F(Sp(my,mqy,mg)) =7 + F(Sp(T'mg, Tmo, Tmy))

<7+ F(a(my,mg)Sy(Tmg, Tmg, Tmy))

< F(Sy(mg, mg, my)).

We can express it simply as:

T+ F(Sb(ml,ml, mz)) S F(Sb<m0,m0,m1)) A Mo, My, M2, c M.

Likewise for 2-nd iteration, we have as:

T+ F(Sp(ma, mo,m3)) =7 + F(Sp(T'my, Tmy, Tms))
< 7+ F(a(mg, mq)Sy(T'my, Tmy, Tmy))

S F(Sb(mla may, mQ))
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We can express it simply as:
T+ F(Sp(ma, ma, m3)) < F(Sy(my, my,ma)) Y my, mae, mg, € M.
As the mapping T is a-admissible, so we have as
a(mg,my) = a(mg, Tmg) > 1.

= a(my,my) = a(T'my,Tmy) > 1.

Consequently, we have as under
almg,mir) > 1, VteNU{0} (6.2)
Therefore, we have inductively, for a certain iteration ¢
tT 4+ F(Sp(mys1, mys1, myro)) < F(Sy(mg, mg, myq))

and

F(Sy(mys1, myy1, myso)) < F(Sy(mg, mo,my)) — tr. (6.3)
= tliglo F(Sp(myg1, myg1, Myy2)) < tliglo[F(Sb(moa mo, my)) — t7]
= tlgglo F(Sy(myq1, myq1, myq2)) = —00.
Then by (ii) of F-mapping, we have
tllglo Sp(Mig1, Mpg1, Myg2) = 0. (6.4)

Let’s define

Sb,t = Sb(th, My, mt+2)'

By using (iii) of F-mapping there exists k € (0, 1) such as (6.4) becomes

lim Sy F(Spy) = 0. (6.5)
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Using the above notation, (6.3) may be expressed as:
F(Sb,t) - F(pr) S —17.

Using the (iii), (6.3) can be expressed as:

SeiF (She) — SEF(Sho) < —Spytr
= Hm[SyF(She) — S F(Sho)] < lim —Spytr

= limtSF,7=0
t—o00 ’

= limtSy, =0, as 7>0.
t—r00 ’

Since

. k _
th_glo tSy, = 0,
there exists a tg € N such that

tS{;t <1, forall, t>t,.

To prove that {m;} is a Cauchy for some s > ¢, consider

Sp(myg, my, mg) < b[Sy(my, my, my) + Sp(my, me, ms) + Sp(ms, my, my)]

< b[2Sp+ + Sb.s

1 1
<b2—+ <l
tk sk

Taking limit ¢, s — oo on both sides and from (6.6), we get

. 1 1
lim Sy(my, mg, my) < b[zm + m]

t,s—00

=0.

(6.6)
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Thus, it follows that {m;} is an S,-Cauchy sequence.

As M is complete, thus, there is a point w € M such as

lim Sy(my, my, w) =0
t—o0

which implies

lim m; = w.
t—o00

Moreover, since t is continuous,

Thus, we have

Example 6.1.1.
Let

M:{%:tEN}U{O}

be with the usual metric .5, defined as:
Sp(m,n,c) =|m—c|+ |n—c|.
It can be seen easily that (M, Sp) is an S, metric space.

Now consider the mapping T': M — M as

(

0  ifm=0
1 1
Tm = fm——:m>1
At "M

1 ifm =1,
\
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and the mapping o : M x M — [0, 00) as under:

1 if m,ne M—{1}
a(m,n) =
0 otherwise.

It is a very simple to find that the given mapping 7" is an («,F)-contractive map-
ping for
F(m)=1nm

for every m > 0 with some 7 > 0. For some my = 50 We have
a(mg, Tmg) = a(Tmgy, mg) = 1.
Furthermore for any sequence {m,} in M with m; — a as t — oo and
almi_q1,my) =1
for all t € N and also we have
a(mg,m) =1

for all t € N.
Now, we calculate the fixed points of the mapping T" As

T0=0
Tl =1
1
Tm = 1
4— + 2
m
m
T —
"= om
m
m:
4 4+ 2m
=2m+4=1
=m=—
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-3
So, it follows from Theorem 6.1.2 that 7" has 0, 1, <> are fixed points.
In the search of uniqueness fixed point, we assume the following condition:

(2) : For all m,n € Fiz(T), there is a point v € M such as

a(v,m) > 1 and a(v,n) >1

Further, Fiz(T') represents the set of all fixed points of 7" map.

The forthcoming result provides a guarantee of the uniqueness of the fixed point.

Theorem 6.1.3.
If we add the new condition (Z) in the hypothesis of above Theorem 6.1.2, we get
the unique fixed point of the self mapping 7.

Proof.

Contrarily, assume that there exists two different fixed points m and n of T.

Condition (Z) implies that there exists v € M such that
a(v,m) > 1 and a(v,n) > 1. (6.7)
As T is a-admissible, therefore from in-equations (6.7), we get
a(T'v,m) > 1 and o(T"v,n) > 1, for all t € NU{0}. (6.8)
Let us define a sequence m; € M by

[J
M1 = Tmy = T my;

for all t € NU{0}.
From in-equations (6.8) and (6.1), we get

T+ F(Sp(mis1, mus1, m)) < 7+ F(a(mg, m)Sy(Tmy, Tmy, Tm))

< F(Sp(my,my,m)); for all t € NU{0}.
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Inductively, we have

F(Sy(mg, my,m)) < F(Sy(mg, mg,m)) — tr, for all t € NU{0}.

= tli}m F(Sy(mg,my,m)) = —o0. (6.9)

It follows from the (ii) of F-mapping,

tllglo Sp(my, my, m) = 0. (6.10)
Similarly

lim Sy(my, me,n) =0, (6.11)

t—o0

and the limit of a sequence is always unique, hence m = n.

Hence, it has obtained that u is the required unique fixed point. O

Definition 6.1.4. [85]

Let (M, Sy) be an Sp-metric space with S, a continuous function and a pair of map-
pings T',S: M — M is an a-admissible pair if for any m,n € M with a(m,n) > 1,
we get

a(T'm,Sn) > 1 and a(Sm,Tn) > 1.

Definition 6.1.5.
Let (M,S,) be an S,-metric space with S, a continuous function and a pair of
mappings 7,S: M — M is («a,F,Sy)-contractive pair if there exists a function

a: M x M — [0,00) and 7 > 0 such that

T+ F(a(m,n) max{S,(T'm,Tm, Sn), Sy(Sm, Sm,Tn)}) < F(Sy(m,m,n)),
(6.12)

for each m,n € M with

max{a(m,n) max{Sy,(Tm,Tm, Sn), Sp(Sm, Sm,Tn)}, Sp(m,m,n)} > 0.

Theorem 6.1.6.
Let (M, Sp) be an Sy-metric space with S, a continuous function. Consider («,F, Sp)-

contractive pair (7', S) satisfies as the following:
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1. The pair (7,95) is a-admissible,

2. There is a point my € M such as

a(mg, Tmg) > 1 and a(Tmgy, mg) > 1,

3. For any sequence {m;} in M with m; — 0 as t — oo and a(my, my1) > 1

for all t € NU {0}, then a(m;, m) > 1 for all t € NU {0}.

Then the self mappings pair (7', S) has a common fixed point.

Proof.
For any mg € M and by hypothesis 2., we have

a(mg,Tmg) > 1 and  a(T'mg,my) > 1.

Since the pair (7,.5) is an a-admissible, therefore a sequence {m,} in M such as

T'mg; = Moy and Smt+1 = Mat+2

and we have
a(my,mir) > 1 and  a(myr,my) > 1
for every t € NU {0}.

As (T, S) is an (o, F, Sp)-contractive pair, so we have

T+ F(Sp(mapi1, Mags1, Magr2)) =7 + F(Sp(Tmag, Ty, Smiggiq))
<7+ F(a(mar, mary1) X
max{Sy(Tmar, Tar, Smagi1),

Sb(Sm% Sm2t, Tm2t+1)}

< F(Sp(mat, mat, mati1)).
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This implies that
T+ F(Sp(mary1, Mary1, Mary2)) < F(Sp(mar, mag, Mary1)). (6.13)
Similarly, we can get that

T+ F(Sb(m2t+2, maot49, m2t+3)) =T + F(Sb(stt—f—h Sm2t+17 Tm2t+2))
< 7+ F(a(maty1, Map2) X

maX{Sb (Tm2t+1 s Tmiggy 1, Sm2t+2> )
Sb(SM2t+17 Sm2t+17 Tm2t+2)}

< F(Sp(mary1, Mary1, Matr2))-
Similarly, it implies that
T+ F(Sp(myp1, M1, mys2)) < F(Sp(myg, my, mysq)). (6.14)
Then following from (6.13) and (6.14), we have

F(Sy(my, my,myy1)) < F(Sp(mo, mg,my)) — t1 (6.15)
for all t € NU{0}.

= lim F(Sy(my, my, mypq)) < T [F(Sp(mo, mo, ma)) — tr].

= tliglo F(Sp(my, my, myyq)) = —o0.

= tlim Sp(my, my, myyq) = 0. (6.16)
—00
Let’s define Sy, = Sp(my, my, myt1) and by using c. of F-mapping definition there
exists k € (0, 1) such that equation (6.16) becomes

lim SEF(Spe) = 0. (6.17)
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The equation (6.16) becomes as follows and using (iii) of F-mapping definition

and limit, it can be concluded as follows:

F(Sbﬂg) - F(Sbyo) S —iT
= S§F(Spe) — ShF(Sho) < —tSp,T

= lim [SEF (Spe) — Sy F(Shp)] < lim —tSy,T
= limtSf, =0, as 7>0.
t—o00 ’
So, there exists ty € N such that

tS{;t <1; forall; t >t

= Sb,t < m (618)
For s > t, we show that {m,} is an S,-Cauchy sequence, consider
Sp(me, my, mg) < b[Sy(my, me, my) + Sp(mg, my, my) + Sp(ms, me, my)]
< b[2Sh1 + S
1 1
< b[QW + m] (6.19)

Taking limit ¢, s — oo on both sides and from (6.18), we get

. 1 1
mlrlgloo Sp(me, my, ms) < b[th + m]

Therefore,{m;} is a Cauchy sequence.

So, there exists an element w € M such that

lim S, (my, my, w) = 0.
t—o00
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So, this implies
lim T'mg; = lim Smagy; = w.
t—o0 t—o00
From equation (6.14) and from assumption 3. of the theorem, we get

Sp(m, my, Tw) < b[Sy(mg, My, Magr2) + Sp(me, My, Mar2) + Sp(Marta, Marra, Tw)]
= b[Sy(my, my, magra) + Sp(my, my, Moy o)+
Sp(Smagy1, Smaopyq, Tw)]
< O[Sy (e, My, Mary2) + Sp(me, My, Mary2) + (Mg, w) X
max{Sy(Tmant1, Tmani1, sw), Sp(Smani1, Smari1, Tw)}))]
< b[Sp(my, my, magyo) + Sp(my, my, Magia) + Sp(Magi1, Mogyq, w)]

< b[2Sy+ + Spati1]
1 N 1 ]
tl/k (2t+ 1)1/k !

< b[2
Taking limit on the both sides of above as follows

lim S, (my, my, Tw) =0
t—o0

and

lim S, (my, my, w) = 0.
t—o00

Thus, we have Tw = w.
Analogously, we can find that Sw = w.

Hence, Tw = Sw = w. O

Remark 6.1.7.
Note that the Theorem 6.1.6 also holds if we replace condition 2. by as given
below:

There exists my € M such that

a(mg, Smg) > 1 and a(Smg, mg) > 1
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Example 6.1.2.

1
Let (M, S) is an Sy-metric space where M = {; it e N} U {0} with metric
defined as:

Sp(m,n,c) =|m —c|+ |n—c|.

We can easily find that (M, Sy) is an Sp-metric space. Assume 7' : M — M as
defined below:

0 ifm=0
1 1
Tm=q—— ifm==": 1
sp1 LTyt
1 ifm=1,
and S : M — M is defined by:
0 ifm=0
1 1
Sm=¢—— if m=—": 1
w1l Tt
1 ifm=1,

and the mapping o : M x M — [0, 00) is as defined below:

1 ifm,neM—{1}
a(m,n) =
0 otherwise.

Here, we have that (7',.S) map is an («,F')-contractive for
F(m)=Inm
for every m > 0 with some 7 > 0.

1
Here for some mg = 50 We get that

a(mo, Tmg) = a(T'mg, mg)
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Furthermore for any sequence {m;} in M, we obtain

m; — m for t — oo

and also we get

almg,myy1) > 1; for all; ¢ € NU{0}.

We have also

a(my,m) > 1; forall; teN.

Now, we calculate the fixed points of the mapping 7. So, for the said purpose

T0O=0
Tl =1
1
Tc= T
3—+1
c
c
Te —
¢ 3+c¢
N c
c= ——
3+c¢
=c+3=1
= c=-2

Now, we calculate the fixed points of the mapping S. So, for the said purpose

TO=0
Tl =1
1
Te=——
4— +1
c
c
Te =
¢ 44+c
N c
C:
44+ c
=>c+4=1
=c=-3

Thus, by Theorem 6.1.6, the pair of self-mappings (7,5) has 0,1 common fixed
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points.
To find out the unique common fixed point for the pair of self-mappings, we apply

the condition given below:

(Q) : For all m,n € Common F P(T,S), it follows that a(m,n) > 1, where as the
notation Common F P of (T, 5) is used to represent the required set of all

common fixed points for the pair of self mappings (7,5).

Theorem 6.1.8.
By including condition (2) in the statement of the Theorem 6.1.6, we conceive the

uniqueness of the common fixed point for the pair mappings (7°,5).

Proof.
We consider on contrary that m,n € M are two different common fixed points of
the pair mappings (7,5). Following from the given condition 1. of Theorem 6.1.6,

we have

T+ F(Sp(m,m,n)) < F(a(m,n) max{Sy(Tm,Tm, Sn), Sp(Sn, Sn,Tm)})

< F(Sy(m,m,n)),

which is not possible for Sy(m,m,n) > 0 and as a result, we get Sy(m,m,n) = 0.
Likewise, one can obtain that S,(n,n,m) = 0. Therefore, we get m = n which is

contrary to our supposition. Hence T" and S have a unique common fixed point. []

The next results obviously follow by assuming a(m,n) =1 for all m,n € M.

Corollary 6.1.9.
Let (M,S) be an S-metric space with S a continuous function. Also consider

T: M — M is a mapping and F' be a mapping (F € F 2.8.1) such that

T+ F(S(Tm,Tm,Tn)) < F(S(m,m,n))V m,n € M; where S(m,m,n) > 0.

Then T has a unique fixed point.
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Corollary 6.1.10.
Let (M,S) be an S-metric space with S a continuous function. Also consider

T,S: M — M are mappings and F' be a mapping (F' € F 2.8.1) such that

T+ F(max{S(T'm,Tm, Sn), S(Sm,Sm,Tm)}) < F(S(m,m,n))¥Y m,n € M,

where we have max{max{S(T'm,Tm, Sn), S(Sm,Sm,Tn)}, S(m,m,n)} > 0.
Then the pair (7',S) have a unique fixed point.

Corollary 6.1.11.
Let (M, S,) be an Sp-metric space with S, a continuous function. Also consider

T: M — M is a mapping and F' be a mapping (F € F 2.8.1) such that

T+ F(Sp(Tm, Tm,Tn)) < F(Sp(m,m,n)) ¥V m,n € M ;where Sy(m, m,n) > 0.

Then T has a unique fixed point.

Corollary 6.1.12.
Let (M, S,) be an Sp-metric space with S, a continuous function. Also consider

T,S: M — M are mappings and F' be a mapping (F' € F 2.8.1) such that

T + F(max{Sy,(T'm, Tm, Sn), Sp(Sn, Sn,Tm)}) < F(Sy(m,m,n)) ¥ m,n € M;

where we have max{max{Sy(T'm,Tm, Sn), Sp(Sm, Sm,Tn)}, Sp(m,m,n)} > 0.

Then T and S have a unique fixed point.



Chapter 7

Conclusion and Future Work

7.1 Conclusion

This is a very important chapter for the conclusion of the targets that acheived
in the whole dissertation. In this dissertation, the main source of inspiration
is the work of Wardowski, who gave the idea of F-contraction [95]. This idea
is generalized by introducing («a, F)-contractive mapping. This new contractive

mapping is used on different abstract spaces to produce the fixed point results.

1. In this thesis, we have generalized the idea of Wardowski types contractions
by following the results proved by Ali et al. [75] in metric spaces for nonself
multivalued contractive mappings. In [12] Kamran et al. proved results in
b-metric spaces by applying F'-contraction. By analyzing these approaches
and consolidating these results, a new notion of («, F')-contractive for nonself
multivalued mappings is introduced in the setting of metric spaces. After
completing the preliminaries for such mappings, some fixed point theorems
with new approach in metric spaces on nonself multivalued mappings are
established. We have proved fixed point Theorem 3.1.3. By relaxing con-
dition 3. in Theorem 3.1.3 a new fixed point Theorem 3.1.4 is proved as
well. These theorems are supported by examples. A novel application is also
provided for the elaboration of applicability of these proved results.

125
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2. A new notion of («,F)-contractive mapping is introduced in the preview
of uniform spaces. For the said purpose the fixed point results that are
proved by Kamran et al. [12] in b-metric spaces by using F-contractive
mappings and results proved by Ali et al. [94] in uniform spaces are used as
base. Combining these contributions, certain novel fixed point and common
fixed point results, in this setting, are established. The examples provided,
endorsed the authentication of these theorems. These results is an ambient

contribution in fixed point theory.

3. (o, F)-contraction notion is introduced on the structure of EbMS. Some
different fixed point results are produced in this context which are the gen-
eralizations of many already existing results in the literature [8, 12, 100] and

Wardowski [95]. These results are supported by solved examples.

4. The concept of («a, F')-contractive mappings is also used on the platform of
Sp-metric spaces. Sp-metric space was introduced by Souayah et al. [101].
Some fixed point results in this setting are proved. These ideas are extended
to establish common fixed point and fixed point theorems by combining
the ideas of b-metric spaces and S-metric spaces. Examples are given in
the support of these results. Theorems proved on S,-metric spaces, using
the notion of (a, F)-contractive mappings, are the generalizations of many

existing results in literature.

7.2 Future Work

The future research work contains the generalizations that will be based on the

following ideas:

1. Best proximity theorems with proximally complete metric for single valued

and set-valued mappings in different spaces.
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2. Using Fuzzy mappings in single and multivalued in different spaces for («a, F')-

contractive mappings.

3. Already existing results on Fuzzy mappings are planed to extend on extended

b-metric space for («, F')-contractive mappings.

4. Best proximity points results can be proved on extended b-metric space for

(e, F)-contractive single and multivalued mappings.

Some results are submitted for possible publication.



Bibliography

[1]

H. Poincare, Surless courbes define Barles equations differentiate less, The

Journal de Mathématiques Pures et Appliquées, vol. 2, pp. 5465, 1886.

F. E. Browder, Nonlinear operators and nonlinear equations of evolution
in Banach spaces, Proceedings of Symposia in Pure Mathematics, American

Mathematical Society, vol. 18, 1976.

S. Kakutani et al., A generalization of Brouwer’s fixed point theorem, Duke

Mathematical Journal, vol. 8, no. 3, pp. 457-459, 1941.

S. Banach, Sur les opérations dans les ensembles abstraits et leur application
aux équations intégrales, Fundamenta Mathematicae, vol. 3, no. 1, pp. 133—

181, 1922.

M. Sgroi and C. Vetro, Multivalued F-contractions and the solution of cer-
tain functional and integral equations, Filomat, vol. 27, no. 7, pp. 1259-1268,
2013.

E. Zeidler, Applied Functional Analysis: Main Principles and their Applica-
tions, Springer Science & Business Media, 2012, vol. 109.

M. Anwar, D. Shehwar, R. Ali and N. Hussain, Wardowski type («,F')-
contractive approach for nonself multivalued mappings, University Po-
litehnica of Bucharest Scientific Bulletin Series A: Applied Mathematics and
Physics, vol. 82, no. 1, pp. 69-78, 2020.

128



Bibliography 129

8]

[10]

[11]

[12]

[15]

[16]

[18]

[19]

B. S. Choudhury, N. Metiya, and M. Postolache, A generalized weak con-
traction principle with applications to coupled coincidence point problems,

Fized Point Theory and Applications, vol. 2013, no. 1, p. 152, 2013.

N. A. Secelean, Iterated function systems consisting of F-contractions, Fized

Point Theory and Applications, vol. 2013, no. 1, p. 277, 2013.

M. Berzig and E. Karapinar, Note on modified (a,1)-contractive mappings
with applications, Thai Journal of Mathematics, vol. 13, no. 1, pp. 147-152,
2014.

D. Dikranjan, Topological groups, Encyclopedia of General Topology, Else-
vier, 2003, pp. 359-364.

T. Kamran, M. Postolache, M. U. Ali, and Q. Kiran, Feng and liu type F-
contraction in b-metric spaces with application to integral equations, Journal

of Mathematical Analysis, vol. 7, no. 5, pp. 18-27, 2016.

G. B. Thomas, M. D. Weir, J. Hass, F. R. Giordano, and R. Korkmaz,

Thomas’ Calculus, Pearson Boston, 2010.

W. Rudin, Principles of Real Analysis, Mathematics Series, McGraw-Hill,
New York, 1976.

R. P. Agarwal, M. Meehan, and D. O’regan, Fized Point Theory and Appli-

cations, Cambridge university press, vol. 141, 2001.

W. Kirk and N. Shahzad, Fized Point Theory in Distance Spaces, vol. 1,
Springer, 2014.

M. A. Khamsi and W. A. Kirk, An Introduction to Metric Spaces and Fized
Point Theory, John Wiley & Sons, vol. 53, 2011.

E. Kreyszig, Introductory Functional Analysis with Applications, New York,
vol. 1, 1978.

K. Knopp, Theory of functions parts I and II, two volumes bound as one,

part 1, 1996.



Bibliography 130

[20]

[21]

[22]

[25]

[26]

[28]

[29]

[30]

P. Morse and H. Feshbach, International Series in Pure and Applied Physics,
New York: McGraw-Hill, vol. 1, 1953.

J. Heinonen, Lectures on Analysis on Metric Spaces Universitext, Springer-

Verlag, Crossref MathSciNet ZentralBlatt Math, New York, pp,140, 2001.

P. Miiller, Ma krasnosel’skii, Topological Methods in the Theory of Non-
linear Integral Equations, (International series of monographs on pure and
applied mathematics, vol. 45, Oxford/London/New York/Paris 1964, perg-
amon press, Zeitschrift Angewandte Mathematik und Mechanik, vol. 44, pp.
521-521, 1964.

N. Bourbaki, Elements de Mathematique. Fasc. II. Livre III: Topologie gen-
erale, Chapitre 1: Structures topologiques. Chapitre 2:, 1965.

G. E. Hardy and T. Rogers, A generalization of a fixed point theorem of
Reich, Canadian Mathematical Bulletin, vol. 16, no. 2, pp. 201-206, 1973.

L. B. Cirié, A generalization of Banach’s contraction principle, Proceedings

of the American Mathematical Society, vol. 45, no. 2, pp. 267-273, 1974.

J. Caristi, Fixed point theorems for mappings satisfying inwardness con-
ditions, Transactions of the American Mathematical Society, vol. 215, pp.

241-251, 1976.

S. Reich, A fixed point theorem for locally contractive multivalued functions,
Revue Roumaine de Mathématiques Pures et Appliquées, vol. 17, pp. 569—
572, 1972.

B. E. Rhoades, A comparison of various definitions of contractive mappings,
Transactions of the American Mathematical Society, vol. 226, pp. 257-290,
1977.

S. Chatterjea, Fixed point theorems, Dokladi na Bolgarskata Akademiya na
Naukite, vol. 25, no. 6, pp. 727, 1972.

R. Kannan, Some results on fixed points—II, The American Mathematical

Monthly, vol. 76, no. 4, pp. 405-408, 1969.



Bibliography 131

[31]

[32]

[33]

[34]

[35]

[40]

[41]

S. Czerwik, Nonlinear set-valued contraction mappings in b-metric spaces,
Atti del Seminario Matematico e Fisico dell’Universita di Modena, vol. 46,

pp. 263-276, 1998.

R. T. Bianchini, Su un problema di S. Reich riguardonte la teoria dei punti

fissi, Bollettino dell’Unione Matematica Italiana, vol. 5, pp. 103—-108, 1972.

S. Czerwik, Contraction mappings in b-metric spaces, Acta Mathematica et

Informatica Universitatis Ostraviensis, vol. 1, no. 1, pp. 5-11, 1993.

S. Czerwik, K. Dhutek and S. Singh, Round-off stability of iteration proce-

dures for operators in b-metric spaces, J. Nat. Phys. Sci., vol. 11, 1997.

S. Reich, Some remarks concerning contraction mappings, Canadian Math-

ematical Bulletin, vol. 14, no. 1, pp. 121-124, 1971.

R. Kannan, Some results on fixed points, Bulletin of the Calcutta Mathe-
matical Society, vol. 60, pp. 71-76, 1968.

S. Czerwik, Fixed point theorems and special solutions of functional equa-
tions/stefan czerwik/mit poln. und russ. zusammenfassung: Prace naukowe

uniwersytetu slaskiego w katowicach, 1980.

M. M. Fréchet, Sur quelques points du calcul fonctionnel, Rendiconti del

Circolo Matematico di Palermo (1884-1940), vol. 22, no. 1, pp. 1-72, 1906.

F. Hausdorft, Felix Hausdorff-Gesammelte Werke Band III: Mengenlehre
(1927, 1935) Deskripte Mengenlehre und Topologie, Springer-Verlag, vol. 3,
2008.

B. Samet, C. Vetro, and F. Vetro, Remarks on-metric spaces, International

Journal of Analysis, vol. 2013, 2013.

W. S. Du and E. Karapmar, A note on cone b-metric and its related results:
generalizations or equivalence, Fized Point Theory and Applications, vol.

2013, no. 1, pp. 1-7, 2013.



Bibliography 132

[42]

[43]

[44]

[46]

[49]

[50]

[51]

M. Jleli and B. Samet, Remarks on G-metric spaces and fixed point theo-

rems, Fized Point Theory and Applications, vol. 2012, no. 1, pp. 1-7, 2012.

W. S. Du, A note on cone metric fixed point theory and its equivalence,
Nonlinear Analysis: Theory, Methods & Applications, vol. 72, no. 5, pp.
2259-2261, 2010.

T. Dosenovi¢, M. Postolache, and S. Radenovi¢, On multiplicative metric
spaces: Survey, Fized Point Theory and Applications, vol. 2016, no. 1, pp.
1-17, 2016.

S. A. Al-Mezel, H. H. Alsulami, E. Karapmar, and F. Khojasteh, A note on
fixed point results in complex-valued metric spaces, Journal of Inequalities

and Applications, vol. 2015, no. 1, pp. 1-11, 2015.

R. P. Agarwal, H. H. Alsulami, E. Karapinar, and F. Khojasteh, Remarks on
some recent fixed point results on quaternion-valued metric spaces, Abstract

and Applied Analysis, vol. 2014, Hindawi, 2014.

E. Karapinar, A short survey on the recent fixed point results on b-metric

spaces, Constructive Mathematical Analysis, vol. 1, no. 1, pp. 1544, 2018.

M. U. Ali, T. Kamran, F. Din and M. Anwar, Fixed and common fixed
point theorem for wardowski type mappings in uniform spaces, University
Politehnica of Bucharest Scientific Bulletin Series A: Applied Mathematics
and Physics, vol. 80, no. 1, pp. 3—12, 2018.

G. Minak and I. Altun, Some new generalizations of Mizoguchi-Takahashi
type fixed point theorem, Journal of Inequalities and Applications, vol. 2013,
no. 1, p. 493, 2013.

N. Hussain, E. Karapinar, S. Sedghi, N. Shobkolaei, and S. Firouzian, Cyclic
(0)-contractions in uniform spaces and related fixed point results, Abstract

and Applied Analysis, vol. 2014, Hindawi, 2014.

C. M. Chen, Common fixed-point theorems in complete generalized metric

spaces, Journal of Applied Mathematics, vol. 2012, 2012.



Bibliography 133

[52]

[53]

[54]

[60]

[61]

T. Suzuki, Mizoguchi-Takahashi’s fixed point theorem is a real generaliza-
tion of Nadler’s, Journal of Mathematical Analysis and Applications, vol.

340, no. 1, pp. 752-755, 2008.

I. Bakhtin, The contraction mapping principle in quasimetric spaces, Func.

An., Gos. Ped. Inst. Unianowsk, vol. 30, pp. 26-37, 1989.

H. Aydi, M. F. Bota, E. Karapmar, and S. Mitrovi¢, A fixed point theorem
for set-valued quasi-contractions in b-metric spaces, Fixzed Point Theory and

Applications, vol. 2012, no. 1, p. 88, 2012.

E. Karapmar, P. Kumam, and P. Salimi, On (a,1)-Meir-Keeler contractive

mappings, Fized Point Theory and Applications, vol. 2013, no. 1, p. 94, 2013.

U. Kadak, On the classical sets of sequences with fuzzy b-metric, General

Mathematics Notes, vol. 23, no. 1, 2014.

A. Dubey, R. Shukla, and R. Dubey, Some fixed point results in b-metric

spaces, Asian journal of mathematics and applications, vol. 2014, 2014.

M. Akkouchi, A common fixed point theorem for expansive mappings under
strict implicit conditions on b-metric spaces, Acta Universitatis Palackianae
Olomucensis, Facultas Rerum Naturalium. Mathematica, vol. 50, no. 1, pp.

5-15, 2011.

A. Aghajani, M. Abbas, and J. Roshan, Common fixed point of generalized
weak contractive mappings in partially ordered b-metric spaces, Mathematica

Slovaca, vol. 64, no. 4, pp. 941-960, 2014.

M. Boriceanu, M. Bota, and A. Petrusel, Multivalued fractals in b-metric
spaces, Central European Journal of Mathematics, vol. 8, no. 2, pp. 367—
377, 2010.

M. Boriceanu, Strict fixed point theorems for multivalued operators in
b-metric spaces, International Journal of Modern Mathematical Sciences,

vol. 4, no. 3, pp. 285-301, 2009.



Bibliography 134

[62]

[63]

[65]

[68]

[69]

[70]

M. Jleli and B. Samet, The Kannan’s fixed point theorem in a cone rectan-
gular metric space The Journal of Nonlinear Sciences and its Applications,

vol. 2, no. 3, pp. 161-167, 2009.

I. M. Erhan, E. Karapmar, and T. Sekuli¢, Fixed points of (¢, ¢) contrac-
tions on rectangular metric spaces, Fized Point Theory and Applications,

vol. 2012, no. 1, p. 138, 2012.

H. Aydi, A. Felhi, T. Kamran, E. Karapinar, and M. U. Ali, On nonlin-
ear contractions in new extended b-metric spaces. Applications € Applied

Mathematics, vol. 14, no. 1, 2019.

E. Karapmar, P. Kumari, and D. Lateef, A new approach to the solution
of the Fredholm integral equation via a fixed point on extended b-metric

spaces, Symmetry, vol. 10, no. 10, p. 512, 2018.

E. Karapinar, On («,1, K )-contractions in the extended b-metric space, Filo-

mat, vol. 32, no. 15, 2018.

B. Algahtani, A. Fulga, E. Karapinar, and V. Rakocevi¢, Contractions with
rational inequalities in the extended b-metric space, Journal of Inequalities

and Applications, vol. 2019, no. 1, p. 220, 2019.

B. Algahtani, A. Fulga, and E. Karapmar, Common fixed point results on an
extended b-metric space, Journal of inequalities and applications, vol. 2018,

no. 1, p. 158, 2018.

T. Abdeljawad, R. P. Agarwal, E. Karapinar, and P. S. Kumari, Solutions of
he nonlinear integral equation and fractional differential equation using the
technique of a fixed point with a numerical experiment in extended b-metric

space, Symmetry, vol. 11, no. 5, p. 686, 2019.

T. Kamran, M. Samreen, and Q. Ain, A generalization of b-metric space and

some fixed point theorems, Mathematics, vol. 5, no. 2, p. 19, 2017.



Bibliography 135

[71]

[72]

[74]

[81]

[82]

R. George, S. Radenovic, K. Reshma, and S. Shukla, Rectangular b-metric
spaces and contraction principle, Journal of Nonlinear Sciences and Appli-

cations, vol. 8, no. 6, pp. 1005-1013, 2015.

L. G. Huang and X. Zhang, Cone metric spaces and fixed point theorems of
contractive mappings, Journal of Mathematical Analysis and Applications,

vol. 332, no. 2, pp. 1468-1476, 2007.

D. Shehwar, S. Batul, T. Kamran and A. Ghiura, Caristi’s fixed point the-
orem on C*-algebra valued metric spaces, Journal of Nonlinear Science and

Applications, vol. 9, no. 2, pp. 584-588, 2016.

Z. Ma and L. Jiang, C*-algebra-valued b-metric spaces and related fixed
point theorems, Fized Point Theory and Applications, vol. 2015, no. 1, pp.
1-12, 2015.

M. U. Ali, T. Kamran, and E. Karapmar, A new approach to (a,)-
contractive nonself multivalued mappings, Journal of Inequalities and Ap-

plications, vol. 2014, no. 1, p. 71, 2014.

A. Branciari, A fixed point theorem of Banach-Caccioppoli type on a class of

generalized metric spaces, Publicationes Mathematicae, vol. 57, no. 1, 2000.
J. R. Isbell, Uniform spaces, American Mathematical Society, no. 12, 1964.
S. Bhowmik, Introduction to uniform spaces, Tripula University, 2014.

S. Batul and T. Kamran, C*-valued contractive type mappings, Fixed Point
Theory and Applications, vol. 2015, no. 1, pp. 1-9, 2015.

T. Kamran et al., C*-valued G-contractions and fixed points, Journal of

Inequalities and Applications, vol. 2015, no. 1, p. 304, 2015.

M. Edelstein, Fixed and periodic points under contractive mappings, Journal

of the London Mathematical Society, vol. 1, no. 1, pp. 74-79, 1962.

E. Rakotch, A note on contractive mappings, Proceedings of the American

Mathematical Society, vol. 13, no. 3, pp. 459-465, 1962.



Bibliography 136

[33]

[84]

[85]

[86]

[87]

[89]

[91]

[92]

S. B. Nadler, Multivalued contraction mappings, Pacific Journal of Mathe-
matics, vol. 30, no. 2, pp. 475-488, 1969.

W. A. Kirk, Fixed points of asymptotic contractions, Journal of Mathemat-
ical Analysis and Applications, vol. 277, no. 2, pp. 645-650, 2003.

T. Abdeljawad, Meir-Keeler a-contractive fixed and common fixed point

theorems, Fized Point Theory and Applications, vol. 2013, no. 1, p. 19, 2013.

J. H. Asl, S. Rezapour and N. Shahzad, On fixed points of («, 1))-contractive
multifunctions, Fized Point Theory and Applications, vol. 2012, no. 1, p. 212,
2012.

M. Pacurar and I. A. Rus, Fixed point theory for cyclic yp-contractions,
Nonlinear Analysis: Theory, Methods € Applications, vol. 72, no. 3-4, pp.
1181-1187, 2010.

I. Rus, Cyclic representations and fixed points, Annals of the Tiberiu Popovi-

ciu Seminar of Functional Equations, Approximation and Convexity, vol. 3,

2005, pp. 171-178.

P. Salimi, A. Latif and N. Hussain, Modified (a,)-contractive mappings
with applications, Fized Point Theory and Applications, vol. 2013, no. 1, p.
151, 2013.

B. Samet, C. Vetro and P. Vetro, Fixed point theorems for («,1)-contractive
type mappings, Nonlinear Analysis: Theory, Methods € Applications,
vol. 75, no. 4, pp. 2154-2165, 2012.

E. Karapinar and K. Sadarangani, Fixed point theory for cyclic (¢,1)-
contractions, Fized Point Theory and Applications, vol. 2011, no. 1, p. 69,
2011.

E. Karapmar, B. Samet et al., Generalized («,1))-contractive type mappings
and related fixed point theorems with applications, in Abstract and Applied
Analysis, vol. 2012.  Hindawi, 2012.



Bibliography 137

[93]

[94]

[95]

[97]

[99]

[100]

[101]

[102]

M. U. Ali, T. Kamran and E. Karapmar, Fixed point of («,1)-contractive
type mappings in uniform spaces, Fized Point Theory and Applications, vol.

2014, no. 1, p. 150, 2014.

M. U. Ali and T. Kamran, On («a,)-contractive multivalued mappings,
Fized Point Theory and Applications, vol. 2013, no. 1, p. 137, 2013.

D. Wardowski, Fixed points of a new type of contractive mappings in com-
plete metric spaces, Fized Point Theory and Applications, vol. 2012, no. 1,
p. 94, 2012.

A. Hussain, M. Arshad and S. U. Khan, 7-generalization of fixed point re-
sults for F-contraction, Bangmod: International Journal of Mathematical

and Computational Science, vol. 1, no. 1, pp. 127-137, 2015.

F. Vetro, F-contractions of Hardy-Rogers type and application to multistage
decision processes, Nonlinear Analysis: Modelling and Control, vol. 21, no. 4,

pp- 531-546, 2016.

H. Piri and P. Kumam, Some fixed point theorems concerning F-contraction
in complete metric spaces, Fized Point Theory and Applications, vol. 2014,

no. 1, p. 210, 2014.

G. Mmak, A. Helvaci, and I. Altun, Ciri¢ type generalized F-contractions
on complete metric spaces and fixed point results, Filomat, vol. 28, no. 6,

pp. 1143-1151, 2014.

N. Hussain and I. Igbal, Global best approximate solutions for set-valued
cyclic (o, F)-contractions, Journal of Nonlinear Sciences and Applications,

vol. 10, pp. 5090-5107, 2017.

N. Souayah and N. Mlaiki, A fixed point theorem in b-metric spaces, Journal

of Mathematical and Computational Science, vol. 16, pp. 131-139, 2016.

M. Anwar, D. Shehwar, R. Ali and et al., Fixed point theorems of Wardowski
type mappings in Sy-metric spaces, Thai Journal of Mathematics, vol. 20,

no. 2, pp. 945-956, 2022.



Bibliography 138

103]

[104]

105

[106]

[107]

[108]

109]

[110]

[111]

[112]

[113]

M. Anwar, D. Shehwar and R. Ali, Fixed point theorems on («,F)-
contractive mapping in extended b-metric spaces, Journal of Mathematical

Analysis, vol. 11, no. 2, 2020.

S. Batul, D. Shehwar, M. Anwar, H. Aydi, and V. Parvaneh, Fuzzy fixed
point results of fuzzy mappings on b-metric spaces via (., F)-contractions,

Advances in Mathematical Physics, vol. 2022, pp. 8, 2022.

P. Sridarat and S. Suantai, Caristi fixed point theorem in metric spaces with
a graph and its applications, Journal of Nonlinear and Convexr Analysis,

vol. 17, no. 7, pp. 14171428, 2016.

T. Birsan and D. Tiba, One hundred years since the introduction of the
set distance by dimitrie pompeiu, IFIP Conference on System Modeling and
Optimization, Springer, pp. 35-39, 2005.

B. Lafferriere, G. Lafferriere, and N. M. Nam, Introduction to Mathematical
Analysis I, Portland State University, 2016.

E. A. Coddington and N. Levinson, Theory of ordinary differential equations,
Tata McGraw-Hill Education, 1955.

S. Batul, Fixed point theorems in operator-valued metric spaces, PhD, dis-

sertation, Capital University of Science & Technology, Islamabad., 2016.

S. Sedghi and N. Shobe, A common unique random fixed point theorems
in S-metric spaces, Journal of Prime Research in Mathematics, vol. 7, pp.

25-34, 2011.

K. Prudhvi, Fixed point theorems in S-metric spaces, Universal Journal of

Computational Mathematics, vol. 3, no. 2, pp. 19-21, 2015.

N. M. Mlaiki, Common fixed points in complex S-metric space, Advances in

Fized Point Theory, vol. 4, no. 4, pp. 509-524, 2014.

I. Altun, Common fixed point theorems for weakly increasing mappings on
ordered uniform spaces, Miskolc Mathematical Notes, vol. 12, no. 1, pp. 3—-10,
2011.



Bibliography 139

[114]

[115]

[116]

[117]

[118]

[119]

[120]

[121]

[122]

123]

J. Kelley, General topology, Unwversity Series in Mathematics, D. van Nos-
trand, 1955.

R. P. Agarwal, D. O’'Regan, and N. S. Papageorgiou, Common fixed point
theory for multivalued contractive maps of Reich type in uniform spaces,

Applicable Analysis, vol. 83, no. 1, pp. 37-47, 2004.

M. Aamri, S. Bennani, and D. E Moutawakil, Fixed points and variational
principle in uniform spaces, Siberian Electronic Mathematical Reports, vol. 3,

no. 0, pp. 137-142, 2006.

P. Amiri, S. Rezapour, and N. Shahzad, Fixed points of generalized («,1)-
contractions, Revista de la Real Academia de Ciencias Ezactas, Fisicas y

Naturales. Serie A. Matematicas, vol. 108, no. 2, pp. 519-526, 2014.

M. Aamri and D. E Moutawakil, Weak compatibility and common fixed
point theorems for A-contractive and E-expansive maps in uniform spaces,

Serdica Mathematical Journal, vol. 31, no. 1-2, pp. 75p—86p, 2005.

S. B. Presi¢, Sur une classe d’inéqutions aux différences finites et sur la con-
vergence de certaines suites, Publications de [’Institut Mathématique, vol. 5,

no. 25, pp. 75-78, 1965.

C. D. Bari and P. Vetro, Common fixed points in generalized metric spaces,
Applied Mathematics and Computation, vol. 218, no. 13, pp. 7322-7325,
2012.

B. K. Dass and S. Gupta, Extension of Banach contraction principle through
rational expression, Indian Journal of Pure and Applied Mathematics, vol. 6,

no. 12, pp. 1455-1458, 1975.

P. Das and L. K. Dey, A fixed point theorem in a generalized metric space,

Soochow Journal of Mathematics, vol. 33, no. 1, p. 33, 2007.

P. Das, A fixed point theorem on a class of generalized metric spaces, Korean

Journal of Mathematical Sciences, vol. 9, pp. 29-33, 2002.



Bibliography 140

[124]

[125]

[126]

127]

[128]

[129]

[130]

[131]

[132]

133

[134]

P. Das and L. Dey, Fixed point of contractive mappings in generalized metric

spaces, Mathematica Slovaca, vol. 59, no. 4, pp. 499-504, 2009.

M. Khan, A fixed point theorem for metric spaces, Universita degli Studi di
Trieste, Dipartimento di Scienze Matematiche, no. 8, pp. 69-72, 1976.

M. Khan, M. Swaleh, and S. Sessa, Fixed point theorems by altering dis-
tances between the points, Bulletin of the Australian Mathematical Society,

vol. 30, no. 1, pp. 1-9, 1984.

H. Gajewski, E. Zeidler, Nonlinear Functional Analysis and its Applications,
part 4: Applications to Mathematical Physics, New York etc., Springer-
Verlag, vol. 69, pp. 471-472, 1989.

S. Gahler, 2-metrische raume und ihre topologische struktur, Mathematische

Nachrichten, vol. 26, no. 1-4, pp. 115-148, 1963.

M. Frigon, Fixed point results for generalized contractions in gauge spaces
and applications, Proceedings of the American Mathematical Society, vol.

128, no. 10, pp. 2957-2965, 2000.

A. Azam, M. Arshad, and I. Beg, Banach contraction principle on cone
rectangular metric spaces, Applicable Analysis and Discrete Mathematics,

vol. 3, no. 2, p. 236, 2009.

A. Azam and M. Arshad, Kannan fixed point theorem on generalized metric
spaces, The Journal of Nonlinear Sciences and Its Applications, vol. 1, no. 1,

pp. 45-48, 2008.

M. Edelstein, An extension of Banach’s contraction principle, Proceedings of

the American Mathematical Society, vol. 12, no. 1, pp. 7-10, 1961.

M. Kir and H. Kiziltunc, Some well known fixed point theorems in b-metric
spaces, Turkish journal of analysis and number theory, vol. 1, no. 1, pp.

13-16, 2013.

M. Cosentino and P. Vetro, Fixed point results for F-contractive mappings

of Hardy-Rogers-type, Filomat, vol. 28, no. 4, pp. 715-722, 2014.



Bibliography 141

[135]

[136]

137]

138

[139]

[140]

[141]

[142]

[143]

S. S. Chang, J. Kim, L. Wang and J. Tang, Existence of fixed points for
generalized F-contractions and generalized F-Suzuki contractions in metric
spaces, Global Journal of Pure and Applied Mathematics, vol. 12, no. 6, pp.
48674882, 2016.

A. Younus, M. U. Azam and M. Asif, Fixed point theorems for self and
nonself F-contractions in metric spaces endowed with a graph, Journal of

the Eqgyptian Mathematical Society, vol. 28, no. 1, pp. 1-10, 2020.

7. Zuo, Fixed point theorems for mean nonexpansive mappings in Banach

spaces, in Abstract and Applied Analysis, vol. 2014, Hindawi, 2014.

L. M. Saliga, Fixed point theorems for nonself maps in d-complete topologi-
cal spaces, International Journal of Mathematics and Mathematical Sciences,

vol. 19, no. 1, pp. 103-110, 1996.

S. Borzdynski, Common fixed point theorems for nonexpansive mappings
using the lower semicontinuity property, arXiw preprint arXiv:1811.00792,
2018.

A. Petrusel, R. Precup, and M. A. Serban, The approximation of fixed points
for nonself mappings on metric spaces, Discrete & Continuous Dynamical

Systems-B, vol. 25, no. 2, p. 733, 2020.

A. A. Harandi, M. Fakhar, M. Goli, and H. Hajisharifi, Some fixed point
theorems for nonself mappings of contractive type with applications to end-

point theory, Journal of Fized Point Theory and Applications, vol. 19, no. 4,
pp. 2349-2360, 2017.

V. Berinde, A common fixed point theorem for nonself mappings, miskolc

math, Notes, vol. 5, no. 2, pp. 137-144, 2004.

S. Radenovi¢ and B. Rhoades, Fixed point theorem for two nonself mappings
in cone metric spaces, Computers € Mathematics with Applications, vol. 57,

no. 10, pp. 1701-1707, 2009.



Bibliography 142

[144]

[145]

[146]

[147)

148

[149]

[150]

[151]

R. M. Nikoli¢, V. T. Risti¢, and N. A. Cirovi¢, A common fixed point theo-
rem for nonself mappings in strictly convex menger pm-spaces, Mathematica

Slovaca, vol. 70, no. 6, pp. 1367-1380, 2020.

T. Rasham, A. Shoaib, N. Hussain, M. Arshad, and S. U. Khan, Common
fixed point results for new Ciric-type rational multivalued F-contraction

with an application, Journal of Fized Point Theory and Applications, vol. 20,
no. 1, pp. 1-16, 2018.

M. U. Ali, T. Kamran, and M. Postolache, Solution of volterra integral
inclusion in b-metric spaces via new fixed point theorem, Nonlinear Analysis:

Modelling and Control, vol. 22, no. 1, pp. 17-30, 2017.

D. Paesano and C. Vetro, Multi-valued F'-contractions in 0-complete partial
metric spaces with application to volterra type integral equation, Revista
de la Real Academia de Cliencias FExactas, Fisicas y Naturales. Serie A.

Matematicas, vol. 108, no. 2, pp. 1005-1020, 2014.

I. Igbal, N. Hussain, H. H. Al-Sulami, and S. Hassan, Fixed point, data
dependence, and well-posed problems for multivalued nonlinear contractions,

Journal of Function Spaces, vol. 2021, 2021.

Q. Kiran, N. Alamgir, N. Mlaiki, and H. Aydi, Some new fixed point results
in complete extended b-metric spaces, Mathematics, vol. 7, no. 5, p. 476,

2019.

L. Subashi and N. Gjini, Some results on extended b-metric spaces and
Pompeiu-Hausdorff metric, Journal of Progressive Research in Mathematics,

vol. 12, no. 4, pp. 2021-2029, 2017.

W. Shatanawi, K. Abodayeh, and A. Mukheimer, Some fixed point theorems
in extended b-metric spaces, University Politehnica of Bucharest Scientific
Bulletin Series A: Applied Mathematics and Physics, vol. 80, pp. 71-78,
2018.



Bibliography 143

[152] L. Subashi, Some topological properties of extended b-metric space, Pro-
ceedings of the 5th International Virtual Conference on Advanced Scientific

Results, vol. 5, 2017, pp. 164-167.

[153] N. Mlaiki, A. Mukheimer, Y. Rohen, N. Souayah, and T. Abdeljawad, Fixed
point theorem for («, 1)-contractve mapping in S,-metric spaces, Journal

of Mathematical Analysis, vol. 8, no. 5, 2017.

[154] S. Sedghi, A. Gholidahneh, and K. Rao, Common fixed point of two T-weakly
commuting mappings in S,-metric spaces, Mathematical Sciences Letters,

vol. 6, no. 3, pp. 249-253, 2017.

[155] K. A. Singh and M. Singh, Some coupled fixed point theorems in cone Sj-
metric space, Journal of Mathematical and Computational Science, vol. 10,

no. 4, pp. 891-905, 2020.



	Author's Declaration
	Plagiarism Undertaking
	List of Publications
	Acknowledgement
	Abstract
	List of Figures
	Abbreviations
	Symbols
	1 Introduction
	2 Preliminaries
	2.1 Some Tools from Analysis
	2.2 Some Important Mappings
	2.3 Hausdorff Metric Space
	2.4 Continuous Mappings
	2.5 Fixed Point
	2.6 Some Abstract Spaces
	2.6.1 b-Metric Space
	2.6.2 S-Metric Space
	2.6.3 Sb-Metric Space
	2.6.4 Uniform Space

	2.7 Banach Contraction Principle (BCP) and its Extensions
	2.8 F-Mappings and F-Contractions

	3 F P Theorem Via (,F)-Contraction NS Approach in MS
	3.1 Wardowski Type (,F)-Contractive Approach
	3.2 Applications
	3.3 Conclusion

	4 Fixed Point and Common Fixed Point Theorems in US (Uniform Spaces)
	4.1 Fixed and Common Fixed Point Theorems

	5 Fixed Point Theorems in Extended b-Metric Spaces
	5.1 Extended b-Metric Space
	5.2 Fixed Point Theorems in Extended b-Metric Spaces
	5.3 Conclusion

	6 Fixed Point and Common Fixed Point Theorems in Sb-Metric Spaces
	6.1 Fixed Point and Common Fixed Point Theorems in Sb-Metric Spaces

	7 Conclusion and Future Work
	7.1 Conclusion
	7.2 Future Work

	Bibliography

